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The e s s e n t i a l  unknown q u a n t i t y   i n  a compressible  turbulent bound- 
a r y   l a y e r  is  shown t o  be   t he   k inemt ic  Reynolds stress, as i n  incompressible 
flow,  and  does  not  explicit ly  involve  density  f luctuations.  Based  on t h i s ,  
the  incompressible  turbulent  viscosity  proposed  by  Mellor i s  extended t o   i n -  
clude  compressible  flows. The same values of the  three  empir ical   constants ,  
which were obtained  solely  from  constant  -property,  constant  -pressure  experi- 
ments, are also  used. Without making any  further  assumptions beyond those 
r e l a t e d   t o   t h e   u s u a l  time averaged  boundary l aye r   equa t ions ,   t h i s  system  of 
equations  has  been programmed for  numerical   solution.  Solutions have  been 
compared t o  a considerable amount of  constant-pressure  data  in  the  range 
from  subsonic  flows t o  flows  with Mach numbers around 5.0 and t h e  comparisons 
are qui te   favorable .  Much less   pressure  gradient  data are avai lable   but  com- 
par ison w a s  made t o  some axisymetric flow data t aken   i n  a posi t ive  pressure 
gradient  which i n d i c a t e d   f a i r l y  good predic t ion  of t h e  boundary l aye r  growth, 
while at the  same t ime  pointing up a sys temat ic   e r ror   in   the   de ta i led   p rof i le  
shape  predict ion  in   regions of f in i te   longi tudina l   curva ture .   This   e f fec t  
has  been  identified on physical  grounds  but has y e t   t o  be incorpera ted   in   the  
tu rbu len t   v i scos i ty  model. Unfortunately  high  speed data taken on a f la t  
w a l l  in   an  adverse  pressure  gradient  and with a wel l   def ined  separat ion  point  
does  not seem t o  be  readi ly   avai lable .  

Heat t r a n s f e r  data i n  incompressible f lows  with  var iable   pressure 
gradients  have  been  checked aga ins t   ca lcu la t ions  and the  comparisons are 
generally  favorable.  
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NOTATION 

A constant  used  in  Equation (36) f o r  i n i t i a l i z a t i o n  of p r o f i l e s .  

A A  cons tan ts   used   in   sa t i s fy ing   ou ter  boundary  condi.tion. f’ g 

B exponent  used in   Equat ion (35)  for ex te rna l   ve loc i ty   d i s t r ibu -  
t ion. 

‘i 
coeff ic ients   in   pseudo-l inear  forms of momentum and  energy 
equations.  

cf coef f ic ien t  of s k i n  fri.cl;ion Tor an  incompressible f low a t  
i the same value o f  R as Cf . 

0 

f ‘  = (PeU - P U)/PeU a 

” 

h enthalpy 

h a rb i t ra ry   re fe rence   en tha lpy .  
r 

ho t o t a l   en tha lpy .  

H 

k KLolecular thermal  conductivity.  

K Clauser   constant   used  in   the  effect ive  viscosi ty   funct ion 
( taken   here   to  be 0.016). 

K+ empir ical   constant .  

e representat ive  scale  in x di rec t ion .  

i x  
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Rx 
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RG 

R,S  

r> 

St 

t 

reference  length  used f o r  x in   Equat ion  (35) .  

Mach number. 

Mach number u s e d   t o   i d e n t i f y  data of Winter, Smith  and 
Rot ta  c23 3 . 
pressure 

molecular  Prandtl  number def ined by Equation (14).  

tu rbulen t   Prandt l  number defined  by  Equation (15) .  

heat  flux. 

lateral radius of w a l l  curvature .  

longi tudina l   rad ius   o f  w a l l  curvature .  

= BkU/T . * -  

= 6ku/v 
* -  

= xU/y, 

= Uo /v , displacement  thickness  Reynolds number. 
* 

m 

= BU/v , momentum thickness  Reynolds number. 

defined  by  Equation (D5). 

given by Equation (D8). 

00 

s, - - , Stanton number. 
$UC he - h,, 

temperature. 
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at 
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v e l o c i t i e s   i n   t h e   d i r e c t i o n s  x y and z respect ively.  

ve loc i ty  a t  the   ou ter  edge of  the  boundary  layer. 

= UX6 /u . * 

spat ia l   coordinates   def ined  in   Figure 1. 

empir ical   constant .  

molecular   dif fusivi ty .  

= at + a , e f f e c t i v e   d i f f u s i v i t y .  

t u rbu len t   d i f fus iv i ty .  

= C /C r a t i o  of spec i f ic   hea ts .  
P v y  

approximate  boundary  layer  thickness. 
co 

" 

= ( peU - p u)/peU dy djsplacement  thickness. 
J O  

cn 

= j ( U  - i ) / U  dy , 1ci.nematic displacement  th-ichess.  

difference between  value  of  variable  in  mainstream  and a t  
w a l l  

= 6/J small parameter  used  in  order of magnitude ana lys i s .  

* 
= yI6 . 
asymptotic  matching  point. 

W - 
= p, /p  also  used for ;( 1 - u/U)/peU dy the  momentum 

thickness .  
0 

x i  



von Karman constant i n  the   e f fec t ive   v i scos i ty   func t ion  
( t aken   he re   t o  be 0.41). 

K 

h 

A 

molecular  viscosity.  U 

molecular  kinematic  viscosity. V 

= v + v , ef fec t ive   k inemat ic   v i scos i ty .  t 
V e 

molecular  kinematic  viscosity 
sublaye r . 

at  the edge  of the  viscous V 
S 

turbulent  kinematic  viscosity 1, t 

V 
m 

molecular  kinematic  viscosity a t  the  edge  of t h e  boundary 
laye r . 
dens it y . 
cons tan t   in   the   e f fec t ive   v i scos i ty   func t ion   ( taken   here   to  
be 6.9). 

shea r   s t r e s s .  T 

e f f ec t ive   v i scos i ty  and d i f fus iv i ty   func t ions   i n   de fec t  
form. 

w a l l  and defect   efrect ive  kinematic   viscosi ty   funct ions.  

w a l l  and defect   layer   var iables   for   the  effect ive  kinematic  
v i scos i ty   func t ion .  

X, x 

Subscripts  

previous x s t a t i o n .  b 

e outer  edge  of  boundary l aye r .  

x i i  



homogenous so lu t ion .  

intermediate x stat ion. 

i n i t i a l  x s t a t i o n .  

pa r t i cu la r   so lu t ion .  

w a l l .  

d i f f e r e n t i a t i o n  w i t h  r e s p e c t   t o  x .  

Superscr ipts  

( -1 time  average part of dependent  variable. 

1 '  f luctuat ing  par t   of   dependent   var iable ,   a lso  used later 
with f , g and 8 t o  denote partial derivabive w i t h  
r e s p e c t   t o  q . 

( I+ non-dimensional  variables  defined by Equation ( A l )  . 
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I - INTRODUCTION 

It is probable   tha t  a quant i ta t ive  theory  of   the  turbulent   t rans-  
po r t  mechanism which, f o r  example, gives  rise t o   t h e  Reynolds stress i n  
turbulent  boundary  layers,  w i l l  no t   be   ava i lab le   in   the   near   fu ture .  One 
is  t h e r e f o r e   f o r c e d   t o  model t h i s  mechanism empir ical ly .  Most of  the  previous 
methods i n   t h e   l i t e r a t u r e   i n j e c t   f u r t h e r   e m p i r i c a l   c o n t e n t  i n  a n   a t t e m p t   t o  
s ide-s tep  the  analyt ical   complexi t ies   of   the   t ime  averaged  equat ions  of   motion.  
However, w i t h   t h e   a v a i l a b i l i t y  of  high  speed  computers  the fu l l   equa t ions   can  
now be solved  numerically,   thus  providing a p red ic t ive   t oo l  which  spans a 
large  parametric  range. The parametr ic   var iables   which  can  in   pr inciple  be 
included i n  the  formulation  are,   Reynolds number, Mach number, pressure  gradi-  
e n t ,   t r a n s p i r a t i o n   o r   a s p i r a t i o n ,   h e a t   t r a n s f e r   a n d  w a l l  roug:hness f o r   e i t h e r  
p lanar  or axisymmetric  flow.  Furthermore  the same numerical program can  be 
used   t o   ca l cu la t e   t he   l amina r   po r t ions  of t he  boundary l aye r  development. 
Besides  serving as a n   e f f e c t i v e   t o o l   f o r   t h e   p r e d i c t i o n   o f  boundary l a y e r  
development,  the  numerical  solution of t h e  boundary layer   equat ions i s  free 
from analyt ical   approximation  and  therefore   underscores   the  resul ts   of   the  
turbulen t   t ranspor t  model. 

The seed of the  present  work w a s  Clauser’s   suggest ion  [1 ,2] that  
the  outermost  part  of an  equi l ibr ium  boundary  layer   (one  for  which  (U-u)/u 

represent  similar p r o f i l e s  when (6 dp/dx)/.rw i s  held  constant)   could be 
described  with a constant   effect ive  viscosi ty .   Recent ly   Mellor  [3,41 
hypothesized  an  effective  viscosity  function  for  the  entire  boundary  layer.  
This   effect ive  viscosi ty   hypothesis   successful ly   predicted  the whole  range 
( -0.5 < (6* dp/dx)/Tw < m )  of  equilibrium  boundary  layers  which  represented 

a considerable  gain  since it allowed  the  detailed  development  of  such  layers 
t o  be ca lcu la ted  from a func t ion   cmta in ing   on ly   th ree   empir ica l  numbers. 
Mellor  then  demonstrated that the   e f fec t ive   v i scos i ty   hypothes is  gave  good 
r e s u l t s   f o r  a v a r i e t y  of  decelerating  non-equilibrium  flows in reference [SI. 
There the   p ro f i l e s ,   sk in   f r i c t ion   coe f f i c i en t   and  boundary l aye r  growth  were 
a l l  predicted w e l l  and, where it occurred,  the  separation  point w a s  co r rec t ly  
predicted.  The l i m i t a t i o n s  on the   hypo thes i s   a r e   t ha t  it has a d e f i n i t e  lower 
Reynolds number l i m i t  of R * = TOO , with a p rac t i ca l   l ower   l imi t  somewhat 

higher,  and it i s  i n   e r r o r   f o r  boundary l aye r s  on walls wi th   curva ture   in   the  
streamwise  direction. The latter does  not  represent  an  inadequacy  in  the 
basic  approach.  Experiments are s t i l l  in p rogres s   t o   f i nd   t he   bes t  way of 
incorpora t ing   the   curva ture   e f fec t   in to   the   hypothes is .  

* T 

6 

The n e x t   l o g i c a l   s t e p   i n   t h e  development is  taken  here - t he  
ex tens ion   o f   t he   i ncompress ib l e   e f f ec t ive   v i scos i ty   t o   i nc lude  compress- 
ible f lows  with  heat   t ransfer .  The r e s t r i c t i o n s  on the   hypothes is   for  incom- 
press ib le   f low  a l so   apply   in   compress ib le   f low.  Here the  Reynolds number 
r e s t r i c t i o n  must  be =de more spec i f i c ;  E”,vs must be g rea t e r   t han  700, 

1 



* m 

where K k  = so(U-u)/UdY , and is the   k inemat ic   v i scos i ty  a t  the  edge of 
S 

the   viscous  sublayer .   For   large Mach number can   be   subs tan t ia l ly   l a rger  

than  the freestream value.  The d e n s i t y   v a r i a t i o n   i n  Compressible flow a l s o  
makes t h e   e f f e c t  of  curvature  even more s i g n i f i c a n t .  Both  of these limita- 
t i o n s  w i l l  be   d i scussed   l a t e r   i n  detail .  In   add i t ion ,  a r e s t r i c t i o n   t o  mod- 
erate hea t   t r ans fe r  rate becomes necessary.   This  condition  can  probably be 
w r i t t e n  

- 
v S  

which i f  satisfied implies   that   only  the mean dens i ty   need   en ter   in to   the  
determination of the  Reynolds stress, and   the   p rev ious ly   es tab l i shed   e f fec t ive  
v iscos i ty   hypothes is  may be adopted. 

By assuming  constant  turbulent  and  molecular  Prandtl numbers, the  
same e f f ec t ive   v i scos i ty   func t ion  i s  used  in   the  energy  equat ion.  Because 
the  energy  equation is actually  solved,  instead  of  simply  assuming,  for  in- 
stance,   constant  total   enthalpy  across  the  layer,   compressible boundary l aye r s  
wi th   hea t   t ransfer   can  be ca lcu la ted .  

Although the  predictive  scope oi" t he   ca l cu la t lon  is  much broader, 
t h i s   r e p o r t   r e s t r i c t s   a t t e n t i o n   t o  a la rge  amount of  high  speed  adiabatic 
flow data with  zero  pressure  gradient ,  a s e r i e s  of  axisymmetric flow data 
with  pressure  gradients  and some incompressible  flow data w i t h  hea t   t ransfer .  

11. ANALYSIS OF THE PROBLEM 

Equations of  Motion 

Solutions  of  the  complcte, timc c1.epcndcnt equa-tions o r  motion Cor 
a compressible   turbulent   bouxlary  layer   are  beyond the  c?pnbili . ty of a v a i l -  
able  numerical  methods. A number of s impl i f ica t ions   a re   therefore   necessary .  
F i r s t ,   u s i n g   t h e  familiar method of Reynolds  averaging,  the  equations m y  be 
averaged in time so that the   e f f ec t s   o f  t h e  time  dependent  turbulent  fluctu- 
a t ions   a re   expressed  as tu rbu len t   co r re l a t ions .  In  a s teady   tu rbulen t  flow 
these   co r re l a t ions  are then  independent  of time. Temporarily it w . i l l  s implify 
matters t o   r e s t r i c t   t h e   d e r i v a t i o n   t o   i n c l u d e   o n l y  that region away from the  
w a l l  where tu rbu len t   e f f ec t s  dominate  and the   d i rec t   e f fec ts   o f   molecular  
viscosity  and  molecular  conductivity are negl igible .   Using t h e  nota t ion  shown 
i n   F i g u r e  1, t h e s e   e q u a t i o n s   m y  be wr i t t en  

2 
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Since  these  turbulent  correlation  terms  are  not known a p r i o r i ,  it 
i s  d e s i r a b l e   t o   e s t i m a t e   t h e i r  importance t o  determine  which a re   negl ig ib le .  
For a boundary l a y e r   t h i s  may be done with a standard  order of magnitude ana l -  
y s i s .  If it i s  assumed t h a t  

and 

" 

(which is consis tent   with  equat ions ( 7 )  and (13) discussed  below) it i s  
shown i n  Appendix A that 

3 
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F I G W  1. Illustmt ion of coordinate system 
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- 
(where Ap is  the   va r i a t ion  of p across  the boundary layer   and 6 is the 
thickness  of layer which is smll w i t h  r e s p e c t   t o  t h e  sca l e  in  t h e  x di -  
r ec t ion ,  a ) so long as 

- 

Presumably a t  some h igh   hea t   t r ans fe r   r a t e  the condition w i l l  be v io la ted .  
However, in  flow  regimes where ( 5 )  is val id ,  many of   the   cor re la t ion  terms 
in   equa t ion  ( 2 )  are shown t o  be  negl igible .  The resul t ing  equat ions  can 
then  be w r i t t e n   i n   t h e  form 

where 

- - a u  ” 
T = p - - p u‘v’ , 

a Y  

and 

Molecular viscous stresses and  heat flux terms have been added t o  the  equations 
above t o  make them val id  t o  the wall. In doing so t h e  terms (”) , 

5 



( K  a h  ‘by) have  been  neglected  relative t o  p(a&y) , E(aK/dy) which a r e  
themselves small everywhere but   near   the  w a l l .  

- 

Effective  Viscosity  Hypothesis 

The influence of turbulence  appears  in  the  boundary  layer  equations 
(6a) , (  6b) & (6c)   through  the  terms p ‘v‘ , u ’v‘ and  v’h‘ . However, only 
u ‘v’ and v ‘h‘ need  be  considered  since p ’VI always  occurs  in  the combined 

” 

- 
form, p- + p ‘v‘ , which may be eliminated from (6b)and(  6 c )  with  the  continu- 
i t y   equa t ion .   The re fo re ,   i n   o rde r   t o  complete  equations(  6b)  and(  6c)  the 
quan t i t i e s  u ‘v’ and v ’h’  must -#e r e l a t e d   t o   t h e  mean flow  variables.  
Since  the  necessary  understanding  of  the  turbulent mechanism which g i v e s   r i s e  
t o   t hese   t e rms  i s  n o t   l i k e l y   t o  be available  soon, a s ingle   concise   empir ical  
assumption i s  the  next   best   a l ternat ive.   Fol lowing  the  l ine of  argument used 
by  Mellor [3,4,51 for  incompressible  f low,  an  empirical   relation w i l l  be  pro- 
posed for  the  terms  u’v’  and  v’h’ i n  compressible  f low  with  heat  transfer.  

The empir ica l   re la t ion   for   u ‘v‘  i s  couched i n   t h e  form 

where ve i s  an  effect ive  kinematic   viscosi ty  of the  type f i rs t  proposed  by 
Boussinesq. A kinematic   viscosi ty  is  chosen  because  of  the  essentially  kine- 
matic  nature of t he   ve loc i ty   co r re l a t ion ,  u ‘v‘ . The hypothesis   for   the form 
of v r e s t s  on three assumptions  which a r e  supposed t o  be universa l ly   va l id :  

1) i n   t h e   o u t e r ,  or defect   layer ,  ve depends on only   th ree   quant i t ies ,  

6 k U  , y and  where  6k U( =io ( U-U)dy) is  the  scale  suggested by  Clauser 

[ 2 ] ; 2)  i n   t he   i nne r ,  or w a l l  l ayer ,  v a l s o  depends on only  three quan- 

e 

* * r” 
G ’  

e 

3) i n   t h i s  two l aye r  model t he re  i s  a region where the  layers   overlap  and  both 
express ions   for  v apply  simultaneously. It follows  from  the f i rs t  two as- 

smpt ions   t ha t   i n   t he   de fec t   l aye r ,  v must be  of t he  form e 

e 

V e 

‘ ku * 
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and i n   t h e  w a l l  l ayer ,  v must  be of t he  form e 

V 2 2  - e 
V 

where K i s  an  empirical   constant.  Thus the  hypothesis   consis ts  of two 
forms  each  individually  independent of the  Reynolds number, Mach number and 
pressure  gradient .  Now, as a consequence  of the  third  assumption, it follows 
that the  form  of the   e f fec t ive   v i scos i ty   in   the   over lap   reg ion  must be, 

- * 
e = v Q = 6 k u Q ,  

Thus in   the  overlap  region @ and Q, must be l i nea r   func t ions  so t h a t  

This i s  a r e s u l t   i d e n t i c a l   t o  that obta ined   heur i s t ica l ly  by prandt l  [SI. 
Here, however, it evolves as a consequence  of the independence  of the  func- 
t i o n a l  forms f o r   t h e  w a l l  layer   and  the  defect   layer .   Last ly ,   for   the hy- 
po thes i s   t o   p red ic t   co r rec t ly  a viscous  sublayer it j.s c lear   tha t   very   c lose  
t o   t h e  w a l l ,  @ 1 . 

An a l t e rna t ive   func t iona l  form,  completely  equivalent t o  ( 8 )  
but  ofPering some computational  advantage w a s  l a t e r   o f f e r e d  by  Mellor [51; it 
may be wr i t t en  

e - = @(X> , X = 3~ ,/: ; i n  the   defec t   l ayer  KY 
x- 

u6k u6k ( 11a ) 

e 
T = @(X) J ; in the  w a l l  l ayer  V 

Any f i n c t i o n  i n  the  form of (8a,b)  may be t r ans fo rmed   t o   ( l l a ,b )   w i th   he lp  
of t h e   r e l a t i o n  s h y  = (T/c)/ve . 

7 



A s  before ,   in   the   over lap   l ayer ,  we must  have v = v@ = U6 @ = 
- * 

e k 
Ky(T/F)'/* or   equiva len t ly  @ = X and @ = X . Specif ic   funct ions may be 
determined  by  comparison  of  calculated  profiles  with  constant  pressure, in- 
compressible   veloci ty   prof i les   and  are  shown in   F igu re2a ,b  . The spec i f i c  
curve f i t  f o r  @ ( X )  g iven  in   Figure 2b i s  s impler   in  form t o   t h a t   p r e v i -  
o u s l y   c i t e d   i n  [ 5 3 but is  operat ional ly   equivalent .  The value 
K = .41 i s  the  von Karman constant  and i s  chosen t o   p r e d i c t   c o r r e c t l y   t h e  
experimentally  observed  logarithmic l a w  of t he  w a l l  (when -- T ~ )  . The 
constant 0 = 6.9 is chosen t o   g i v e  a bes t  f i t  t o   u u f e r  1 s data [7 1 .in  the 
viscous  sublayer   in   the mannezr demonstrated i n  r 4 1 . The ou te r   p ro f i l e  
@ ( X )  w a s  spec i f i ed  so  as t o  conform to  Clauser 's   suggest ion t&t Q, = constant 
= K in  the  outer   layer .   Obviously  this   representat ion is not  correct  near 
the   ou ter  edge  of the  prof i le   and  could be replaced by another  function @(x) 
which  decreases  for  large y . However, exper ience   ind ica tes   tha t   th i s  
would on ly   s l i gh t ly   a l t e r   t he   p red ic t ed   p ro f i l e   shape .  

F ina l ly ,  it i s  c l e a r  now t h a t   r e l a t i o n s   ( l l a , b ) a r e  a proposal  of 
empirical   inner  and  outer  functions  for ve even  though knowledge of a d i f -  
f e r en t i a l   equa t ion   fo r  ve i s  absent.  Therefore a composite  function  can 
be constructed  using a prescr ipt ion  offered  by Van Dyke r81 f o r  combining 
inner   and  outer   funct ions  ( the  prescr ipt ion  can be expressed as the sum of 
the  inner   and  outer   funct ions minus t h e i r  common asymptote). Thus v can 
be w r i t t e n   f o r   t h e  whole l aye r  as 

e 

V e = = @(X) + %@(E) - x X 
V 

N 

J 

or  

n. 

-x- 
u' k 

where R = : . Some i l l u s t r a t i v e  examples  of  (l2a,b) in  incompressible  flow 

for   several   values   of  R , a r e  shown in   F ig .  3 . For  compressible  flow, 
the   resu l t s   a re   conceptFa l ly   the  same but  are  complicated by the  molecular 
v i s c o s i t y   v a r i a t i o n   i n  R and X . 

N V 

N 

It i s  evident  that   (Qa)or(m)can  only be v a l i d   f o r   l a r g e  Reynolds num- 
b e r .   I n   f a c t ,   f o r  Es < TOO the   overlap  layer   disappears .  Here the  notat ion 
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FIGURE 3.  I l l u s t r a t i o n s  of t h e   c o m p o s i t e   e f f e c t i v e   v i s c o s i t y  
f 'unc t   ion   for   an   incompress ib le   f low.  
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RNS i s  used   to   des igna te   the   va lue  of R a t  t h e  edge  of the  lamhar sub- 
layer .  From experience it i s  apparent   that ,  so long as R, s > 2500 , very 
l i t t l e  e r r o r  due t o  l o w  Reynolds number e f f e c t s  is evident .  

N 

The addi t ional   complicat ion  in   compressible  form  of the  hypothesis 
compared to   the   incompress ib le  form i s  t h a t  v , as it appears   in  (a) and in 
t he   de f in i t i on  of R and X , i s  not a constant.  Therefore v w i l l  be eval- 
ua ted   accord ing   to   the  thermodynamic p rope r ty   r e l a t ions  between v = !& and 

t h e   l o c a l  meaa temperature  and  pressure. The importance  of t h i s   cons ide ra t ion  
i s  r e s t r i c t ed   t o   t he   v i scous   sub laye r   bu t  i s  nevertheless  necessary  to  accu- 
r a t e   p red ic t ions   i n   t he   ca se  of  high Mach numbers where ii in   the  viscous 
sublayer may be much l a rge r   t han  vm . One e f f e c t  is  t h a t  a large Rh( * = U6* -) 

may correspond t o  a much smaller FLS( = T ) as de te rmhed   l oca l ly   i n   t he  

viscous  sublayer.  It seems tllat, f o r  5'f.~:: d a t a   t o  be considered  here,   the  dif  - 
f i c u l t y  i s  frequently  encountered  in h.i.gh Mach number flow  and some consi.dera- 
t i o n  w i l l  be given t o  a ten ta t ive   cor rec t ion .  

- 
- 

N - - 
P 

U8; 'm 

V S  

The underlying  assumption  that  has  been made both  in  thi.s  and most 
other  effective  viscosity  hypotheses i s  t h a t   t h e  Reynolds s t r e s s ,  u 'v I , i s  
completely  determined by t h e   l o c a l  mean flow  varI.ables.  Undoubtedly  th-is -is 

not  always  the  case. The h i s to ry  of the  turbulence w i l l  probably  be .impor- 
t a n t   i n  boundary layers  which  change rapidly  over   short   dbtances.   In  view 
of t h i s  Bradshaw, F e r r i s s  and  Atwell [ 91 have proposed t o   c a l c u l a t e  u Iv 
from the  ecpation  governing  turbulent,   energy  transport  us3ng several  cmp.i.ri.ca1 
func t ions   r e l a t ing   t he   quan t i t i e s   i n   t he  F:qua%i.on. Although it <LS an Triter- 
esting  approach, we have d i f f i c u l t y  i n  understanding  the  conceptual  basts of 
some of their  assumptions.  Furthermore,  the  nature of the   ca lcu la t ion   re -  
s t r i c t s   p r e d i c t i o n   t o   r e g i o n s  outsf.de  of the  viscous  sublayer,  and  the numer- 
i c a l  scheme can  not  be  applied t o  laminar  flows. 

- 

The other  assumptiom which have been made a l l  cppl;: t o  the  form- 
u l a t i o n   i t s e l f .   F i r s t ,   t h e r e  is the  assumption of a two layer  model. I n  
th i s ,   each   layer ,   represented   by   the   e f fec t ive   vkcos i t ies   ( l l a )and(   l lb ) ,   has  
i t s  own sca le ,  S*U and 7 respect ively.  Although there  have been  attempts 

to   formula te   the   e f fec t ive   v i scos i ty   accord ing   to  a one l aye r  model,(van Driest, 
[ l O l ) ,  it has  been  generally acknowledged  (Townsend, [ll] ) t h a t  two sca l e s  

are   necessary.  The assumption  of  an  overlap  layer where both  formulations 
apply  has  received  strong  experimental  support.  This  fact w a s  used  by  Milli.kan 

k 

r121 ) t o   i n f e r   t h e   v e l o c i t y   p r o f i l e  in  that region. 

Appendix B compares the  present  hypothesis  with  others that have 
appeared i n  t h e   l i t e r a t u r e .  
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Heat Transfer 

The o ther   quant i ty  which must be spec i f ied  is  v ‘h ‘ . I n   o r d e r   t o  
~ 

do this ,   the   assumption is  made, following  Reynolds,   that   the  heat  f lux  can 
be wr i t t en  as 

q = p a  - 
e a Y  , 

where a, is the   e f f ec t ive   hea t   d i f fus iv i ty .  A r e l a t i o n  between ae and 
v can be established  with  the  usual  assumption of a turbulent   Prandt l  num- 
ber ,   Pr t  . Since (ve - v ) and (ae - a )  are   the   tu rbulen t  (or eddy)  viscosity 

and   d i f fus iv i ty   respec t ive ly ,   then  a turbulent   Prandt l  number prt  may be 

defined BY analogy to a molecular  Prandtl  number Pr . Thus 

e - - 

p r  = = V 

a 

and 

so t ha t   t he   e f f ec t ive   d i f fus iv i ty   can  be wr i t t en  as 

V 1 - 
a = -  + - ( v e  - v )  

e Pr  Prt  

In   t he  most general   case  the  turbulent   Prandt l  number could  be a funct ion of 
loca l   var iab les .  However, in   the   ca lcu la t ions   descr ibed   in   Sec t ion  IV , t he  
usual  assumption of constant   turbulent   Prandt l  number was made. 

111. SOLUTION OF THE EQUATIONS OF MOTION 

The steady  two-djmensional  flow  in a boundary l aye r  on a plane 
surface a t  moderate Mach number and  heat   t ransfer   ra te ,  from the  preceding 
ana lys i s ,  is  characterized  by  the  equations 
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From equations ( 7 )  and (13)  the   e f f ec t ive   shea r   s t r e s s  and  heat flux a r e  

and 

The ef fec t ive   v i scos i ty ,  from equations (11) and ( 1 2 )  ? i s  

v = v @(X 9 + m k  P(x) - x] - * 
e 

and 

R, = U6J v 
* -  
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2) 

and  from  equation (16) the   e f f ec t ive   conduc t iv i ty  i s  

- 
V 1 a = -  + - ( v e  - v )  

prt 

- 
e Pr  

The Suther land  molecular   viscosi ty   re la t ion,  

- 
i s  used   to   eva lua te  V i n  equations (18a) and  (18d) . Fina l ly   the   appropr i -  
a t e  boundary  conditions  are 
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- 
The i n t e g r a l  boundary  conditions on u and ho are more r e s t r i c t ive   t han  
the  usual ,  

- 

and 

Lim h (Y,x)  = ho 
Y+ e 

0 

A s  noted  by  Hartree,  the  conditions,  (21), admit two types  of  solution  for 
la rge  y 

and 

The second  of these forms predicts   inf ini te   displacement ,  momentum and  en- 
thalpy  thicknesses   and  therefore  i s  not a va l id   so lu t ion .  The i n t e g r a l  
boundary condi t ion   spec i f ica l ly   avoids   th i s  and  allows  only  the form (22a)  . 

It i s  convenient t o  introduce  the  fol lowing  def ini t ions:  

'e 8 (q ,x )  = = 
P 

- 
ho - ho 
ho - h g 'h  ,x> = 

e 
> 

e r 
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Although  frequently it w o d d  be  xore usLf-cl t o  have f be a function  of 
ve loc i ty   on ly ,   t he   s t r ea  Punc-bicn-lXce l o r n  of  i“ a’oove makes incorpora- 
t l o n  of the  cont inui ty   eql ia t ion much slmfl2ler. An arblt;-ary  reference en- 
thalpy, h_ , i s  used,  and can be defined i n  any way which is convenient to 
a ? a r t i c u l a r  problem. lor exarn>le, we could set  h = 0 o r   i n   t h e   c a s e  

of low Mach number it is of ten  convenient. t o   s e t  h = h a t  sone rei’c-rence 

wall locazion.   Ffhal ly ,   the   use or’ the   nornal ized  var iable  7 l a r g e l y  d i -  
vorces  the cimr,ge i n  tnlckness  of t he  boundary layer ,   represented  by Ox ”’ J 

from  the c:hazge in   shzpe,   represented ’oy f i ( q )  hnd g k ( 7 )  . It i s  the re -  

fore   poss ib le  t o  u re  a f i x e d   d i s t r i b u t i o n  of 7 gr id   po in ts  i n  the  numer- 
i c a l   c a l c u l a t i o n   r & t h e r   t h a n  one i n  which the  spacing grows wi th   the   th ick-  
ness of the  bcundary  layer.  

L 

r 

r w  

Sabs t i t u t ion  of t hese   p rame te r s   i c to   equa t ions  (l’b) and (17~) 
y i e  Ids 

I 
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The d e n s i t y   r a t i o  is found from equations ( l7d) and ( l7e ) , 

1 + 41 + 2 M e ( l  - f ) (I + 7 M e )  (1 - Kg') 7-1 2 1 2  7-1 2 

Primes  indicate  difPerentation  with  respect t o  q and, 

s- 
ux v = -  

U J 

ho - h 
e r  

H =  0 
h e 

( 25.a) 

From (12b) and (16) the   e f fec t ive   v i scos i ty   and   conduct iv i ty   a re  

17 



Here,  sin.ce  the  effective  viscosity  and  conducti .vj . ty have been  expressed i.n 
terms of   the  defect   var iables   throughout   the  layer ,  R must appear   expl ic-  
i t l y   i n   t h e  wa1. l  layer   par ts   of   both  formulat ions.  The boundary  cond:i.tions 
are 

- 

( 28a) 

f ‘ ( 0 , x )  = 1 9 ( 2 8 ~ )  

( 23e) 

ho - hw(x) 

ho - h 

* 
e 6 q w W  

g ‘(0,x) = or   g”(o ,x)  = - 
0 7 

e r P W  V w O e  - hr) 

These p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s   a r e  parabo1.i.c 5.n the  x 
direct ion  and  are   therefore  w e l l  sui ted  to   conversion  to   ordjnary  dj . f fer-  
en t ia1   equat ions   in  q by replacement of t he  x deri.vati.ves w.ith f i n i t e  
differences.   This i s  done accordi.ng t o  a scheme used  successfully  by 
Mellor [ 5 ] . The x derivatri.ves of  the  funct-i.ons, f ‘ , g I and 
b* are w r i t t e n  as 
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* *  
* 6 - 6b 

- 
6x - AX , 

where €; , g; e t c .   a r e   t h e  known prof i les   and  f ' , g ' , e t c .  

a r e   t h e   p r o f i l e s   t o  be calculated.  f ' and ' c lea r ly   bes t  approximate 

the   der iva t ive  of f ' and g ' a t  x the  midpoint  between x and x . 
This  can be used  to  advantage  by  defining  the  average  values of  the vari- 
ables  between % and x as 

X gX 

m '  b 

f /  = ",(f'+ € ' )  ? 
m b 

* * *  
6m = +(Sb + 6 ) ? 



and  tncn  rewyiting  equations ( 24a),  (24b) and ( 2 5 )  i n  terns of them. 
These equations a re  
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(u - Ub) 6* 
v =  
m Um Ax  J 

The equations above a r e  a s e t  of ordinary  different ia l   equat ions  involving 
only the var i ab le s  fi , g,' , e t c  . t o  be calculated  and  the known p r o f i l e s ,  

f i  , gd  , e t c .  Once f i  and g have  been  obtained,  the  profiles a t  x , 
t he   pos i t i on  of i n t e r e s t ,  are simply 

m 

* * *  
6 = 2 6 m - 6 b  , e t c .  
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A problem i s  encountered when us ing   t he   f i n i t e   d i f f e rence  method 
described  above. If, f o r  some reason,the known p r o f i l e  a t  Xb is not  accu- 

r a t e ,   t h i s   i naccuracy  is  passed on with small a t tenuat ion   to   succeeding   pro-  
f i l e s .   T h i s   s i t u a t i o n   r e s u l t s  from t h e   f a c t  that near   the  w a l l  t he   p ro f i l e s  
adjust   very  quickly  to   local   condi t ions.   Therefore   instead  of   approaching 
the   co r rec t   p ro f i l e  more slowly as the  outer   layer   does,   the   layer   near   the 
w a l l  w i l l  inmediately assume the  correct   values   for   the  midpoint  a t  each  s tep 
i n  x . If t h e   p r o f i l e  a t  xb is incor rec t ,  it w i l l  be projected  through 
the  correct   midpoint   prof i le   with  equat ion (32.) to   an   equal ly   incor rec t   p ro-  
f i l e  a t  pos i t ion  x . Besides  producing  profiles  which  are  incorrect  near 
t he  wall, t h i s  overshoot   causes   osc i l la t ing   sk in   f r ic t ion   and   hea t   t ransfer  
coe f f i c i en t s .  An a l t e r n a t i v e   t o   t h e  method  above is  the backward d i f fe rence  
method which,  although  the x der iva t ives   a re   l ess   accura te ,  i s  f r e e  of t h i s  
overshoot.  There  the  equations would  be so lved   in   the  form (24a)  and  (24b) 
and  the x der iva t ives  would  be  approximated  by 

f f  - fb’ 
f f  = 

X A x  I 

However, by  combining the  two difference methods, the  overshoot, when it 
occurs,  can be greatly  reduced and yet   suff ic ient   accuracy  can be maintained. 
This i s  accomplished  by  calculating  the  intermediate  profile somewhere be- 
tween (x - xb)/2  and x acco rd ing   t o   t he   r e l a t ion  

In  places  where the  boundary conditions change rapidly  and  overshoot is  
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l i k e l y ,  % can  be made c l o s e r   t o  x ; in   p laces  where overshoot is  unl ikely,  

x can  be  c loser   to  ( x  - xb)/2  for  accuracy. Also, using t h i s  method with 

X set c l o s e   t o  x , poor   guesses   for   the initial p ro f i l e s   f i (7 )   and   g i (q )  
w i l l  still r e s u l t   i n   a c c e p t a b l e   p r o f i l e s   s e v e r a l  x pos i t ions  downstream. 

m 

m 

Another  device was found t o  be  convenient in connec t ion   w i th   i n i t i a l  
p r o f i l e s .  In  many boundary layer   ca lcu la t ions   in i t ia l   ve loc i ty   and   en tha lpy  
p ro f i l e s   a r e   no t  known. Even when comparing ca lcu la t ions   wi th   es tab l i shed  
data, as in   Sec t ion  I V  , i n i t i a l   p r o f i l e s  are not  completely  specified.   This 
i s  t r u e  , fo r   i n s t ance ,   i n   t he   s ens i t i ve   r eg ion   nea r   t he  w a l l .  W h a t  is known 
are   the   condi t ions  of pressure  gradient  and  heat  transfer  under which the  
layer  developed  and  the  Reynolds number and  displacement  thickness a t  the  x 
pos i t ion  where the   ca lcu la t ion  is to   beg in .  The i n i t i a l   p r o f i l e s  were the re -  
fo re  produced  by  recalculating  the  input  profile  with  several   simplifying 
assumptions. It was assumed t h a t  the  pressure  gradient  w a s  produced  by a 
v e l o c i t y   d i s t r i b u t i o n  of the  form 

and   tha t   the  growth  of 6 w a s  l i n e a r  
* 

* 
6 -=A(,) x' > 

L 

which g ives   t he   r e su l t  t h a t  

* 
uy- 
U = A B  and Q = = A P  + B ( l  - 

'e 

are  independent  of x . Fina l ly  the  p r o f i l e s  f ' and g are assumed t o  
be  unchanging w i t h  x . The momentum and  energy  equations  then become simple 
ord inary   d i f fe ren t ia l   equa t ions   in  7 t o  be solved f o r  f and g I .  The 
r e su l t i ng   p ro f i l e s  were s a t i s f a c t o r y  even  though  the  Reynolds number w a s  not 
allowed t o  change  from p ro f i l e   t o   p ro f i l e   and   t he re fo re   t he   sk in   f r i c t ion  
coeff ic ient   and  Stanton number are not  exact.  Then, s ince   there  w a s  a s l i g h t  
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discont inui ty  in va lues   l ike  c and 6 between the   rese t   p rof i le   and  

t h e  first p r o f i l e  moving forward, it w a s  found  bes t   to   a l low  space   to   ca l -  
c u l a t e   p r o f i l e s  a t  two or t h r e e   s t a t i o n s   b e f o r e   t h e   i n i t i a l   s t a t i o n .  

* 
f 

The so lu t ion  of the   o rd inary   d i f fe ren t ia l   equa t ions  (3 la )  and  (31b) 
w a s  ca r r i ed   ou t   i t e r a t ive ly .  The succession  of  calculations i n  a s ingle  
i t e r a t i o n  w a s  as follows. The  momentum equation (3la)  w a s  so lved   for  f,' 

fi and 6m . Then the  parameters Q and V were recalculated  based 

on the  new 6; . The energy  equation was solved  next   for  $ and < and 

then 8, w a s  determined  from  equation ( 3 1 ~ ) .  F ina l ly   the   e f fec t ive   v i scos i ty  

and  conductivity were ca lcu la ted  from  (27a)and  (27b)using  the  variables a t  
x . This method proved  very  satisfactory.  The so lu t ion  of the  energy  equa- 

t ion  fol lowed  the  i terat ions  of   the  momentum very  well .   Therefore it w a s  
unnecessary t o  have an   i n t e rna l   i t e r a t ion   l oop   fo r   t he   ene rgy   equa t ion   t o  
assure  i t s  convergence as d id  Smith  and C lu t t e r  1131 . Speed  of  convergence 
f o r   t h e  whole loop  varied,   but no cases   required more than  seven  i terat ions 
and i n  simple  cases two i t e r a t i o n s  were s u f f i c i e n t  . 

* 

m 

A fourth  degree  Runge-Kutta method w a s  used to   so lve   equat ions  (3 l a )  
and ( 3 l b )  . I n   o r d e r   t o   u s e   t h i s  method the f ' and g ' equations were 
wri t ten  in   pseudo-l inear  form 

where the  coeff ic ients   are   the  quant i t ies   in   brackets   in   equat ions  (3l :_t ,b)  
These coe f f i c i en t s  were evaluated from the  solut ion  obtained from the  pre-  
v ious   i t e ra t ion .  The Runge-Kutta equat ions   for   the   so lu t ion  of ( 38) a r e  
given  in  Appendix C .  

The ca lcu la t ion  of each  equation was begun  from the  w a l l  wi th   the 
spec i f i ca t ion  of two boundary conditions as given by (28)  . The outer  bound- 
a ry   condi t ions  on (%) and(31b) were met with  the  use of an  asymptotic  solu- 
t i o n   f o r   l a r g e  7 which assured  the  correct  exponential   behavior as shown i n  
equation  (22a).  The der iva t ion  of the  asymptotic  solution is performed  with 
the  addi t ional   s implifying  assumption  that   the   turbulent   Prandt l  number i s  
u n i t y   ( s e e  Appendix D ). For compressible  flow  with  heat  transfer  the asymp- 
t o t i c  forms  of f I and g ' can  be  expressed  in  terms of f ' and g ' a t  
point  5 , f a r   o u t  in the   l ayer ,  
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The numerical   solutions were  matched to   the   asymptot ic   so lu t ion  by exploi-  
t i n g  'the e f f e c t i v e   l i n e a r i t y  of  equations (3 la )  and (31b) . Both homoge- 
neous  and pa r t i cu la r   so lu t ions  were obtained for each  equation. The solu- 
t i o n  of t he  homogeneous equation w a s  added t o   t h e   p a r t i c u l a r   s o l u t i o n   i n   t h e  
proportion 'to make the   numer ica l   so lu t ion   jo in   the   ana ly t ica l   so lu t ion  a t  
ql . I n   t h i s  manner t h e   t h i r d   i n n e r  boundary  condition  which had  been 

guessed t o  perform  the  integrat ion was rese t   to   the   p roper   va lue   a f te rwards .  
This was done according  to   the  equat ions 

(414 

The constants  Af and A are obta ined   us ing   the   der iva t ives  of equations h 
(39a) and  (39b)  evaluated a t  the  matching  point Ql 
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Therefore Af and A are  given  by 
g 

The method  of ca l cu la t ion  from an  operational  viewpoint is  as 
f o l l o w s .   F i r s t , p r o f i l e s  of f ' and g are   read  i n  t o   t h e  program as 
funct ions of 7 . These p ro f i l e s   co r re spond   t o   t he  first x pos i t ion ,  
x = x say. If t h e s e   p r o f i l e s  are complete  and  satisfactory as they  

s tand,   they are used  unal tered.  If, on the   o ther  hand, t hey  are not   the 
des i r ed   i n i t i a l   p ro f i l e s ,   app rox ima te   i n i t i a l   p ro f i l e s   a r e   ca l cu la t ed   fo r  
the r e q u i r e d   i n i t i a l  Mach number, Reynolds number, displacement  thickness, 
l a t e r a l  w a l l  curva ture ,   and   hea t   t ransfer   ra te  o r  w a l l  temperature.  If 
t h e  f and g p r o f i l e s   a r e   t o  be r eca l cu la t ed ,   t he   i npu t   p ro f i l e s   a r e  
used as i n i t i a l   g u e s s e s .  

I 

1' 

I 

Next the   va lues  of t he  mainstream Mach number and w a l l  hea t   f l ux  
or   temperature   are   read  in   corresponding  to  the d i sc re t e   va lues  of x a t  
which p r o f i l e s   a r e   t o   b e   c a l c u l a t e d .  Also r ead   i n   fo r   each  x i s  a number 
between 0.5 and 1.0 which ind ica t e s  the p o s i t i o n   i n   t h e   i n t e r v a l  between 
x values where the   ac tua l   ca l cu la t ion   o f   t he   p ro f i l e  is  t o  take place.  
Then the   p rof i les   and   parameters   for   each   succeeding  x pos i t i on  are c a l -  
culated  and  reported until t h e  last x pos i t i on  has been  reached. 
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IV. COMPARISON WITH EXPERIMENTAL DATA 

Zero  Pressure  Gradient 

A wide v a r i e t y  of   experimental   veloci ty   prof i les  measured i n  
constant  pressure  adiabatic  f lows  are  available.   Calculations were per-  
formed for a few of these   p rof i les   represent ing  a range  of Mach number 
from 2 up t o  4.5. No data at lower Mach numbers are compared because 
t h e r e   a r e  few experiments i n  the  t ransonic   region.   This  is  the   r e su l t  
o f   exper imenta l   d i f f icu l t ies   no t   re la ted   to   the  development  of t he  bound- 
a r y   l a y e r   i t s e l f .  Furthermore,  the  boundary  layer  in  the  subsonic  and 
t r anson ic   r ange   d i f f e r s   on ly   s l i gh t ly  from the  incompressible  boundary 
layer ,  as is  evident from  Figure 10. 

Calculations,   for  the  f lows  considered, were  begun  by genera- 
t i n g   a n  initial cons tan t   p ressure   p rof i le   in te rna l ly  as described  in  Sec- 
t i o n  111. Then, s t a r t i n g  a t  a Reynolds number  somewhat below that of the  
data p ro f i l e ,   t he   ca l cu la t ion  proceeded u n t i l   t h e   d a t a  Reynolds number w a s  
r e a c h e 6  These p r o f i l e s  were ca lcu la ted  two ways,  once with  the assump- 
t i o n  ho( y )  = he" ( or g '( q ) = 0) , and  once using  the  ful l   energy  equat ion 

with Pr  = .78 and  Prt = 1.0. The r e s u l t s  were ident ica l   wi th in   the   ac-  

curacy  of  the  graphs.   Experimental   profiles were  chosen  which  had values 

of U6E/cs above 2500, where 6 i s  the  kinematic  displacement  thickness 

and vs i s  the   loca l   molecular   v i scos i ty  a t  the  edge  of the  laminar  sub- 

l aye r .  A s  explained i n  Section I1 t h i s   c r i t e r i o n   a s s u r e s  that the  hypoth- 
e s i s  i s  wel l   wi th in  i t s  range  of  validity.  The calculati .ons and experi-  
ments a r e  compared in   F igures  4 through 9 . It i s  c l e a r  from the   f i gu res  
that the   p red ic t ion  of t he   ve loc i ty   p ro f i l e s  and   sk in   f r ic t ion   coef f ic ien ts  
i s  remarkably  good. 

* 
k - 

Further   comparison  with  es tabl ished  resul ts  w a s  provided  by  cal- 
cu la t ing   the   sk in   f r ic t ion   coef f ic ien t   for   cons tan t   p ressure   ad iaba t ic   f lows  
over a range  of Mach number. The ca lcu la t ions  were car r ied   ou t  as described 
f o r   t h e   p r o f i l e s   a b o v e .   I n i t i a l   p r o f i l e s  were generated  and  then  allowed t o  
develop u n t i l  a high enough Re had  been  reached.  Then, f o r  Re of 2000 

and 7000, t h e   s k i n   f r i c t i o n  was normalized  by  the  corresponding,  incompress- 
i b l e   s k i n   f r i c t i o n .  Above Me = 1 , i n  the  Re = 2000 case,  the  Reynolds 
number R ( =  U6*/v ) w a s  below 2500; therefore  that curve w a s  not  continued. 

Above RB = 7000, there  w a s  no discernable change  of the  calculated  values  of 

Cf/Cf wi th  Re . The r e s u l t s  of these   ca lcu la t ions   a re  compared with  ex- 
pe r imen ta l   sk in   f r i c t ion   coe f f i c i en t s  from  Kuethe [ 20 3 i n  Figure 10. 

- S  k s  
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FIGURE 4. Comparison between a velocity profile measured by 
Coles [14] on a f la t  plate  at Me = 1.98, and the 

calculated  profile  sham  with  an unbroken l i ne .  
The experimental skin f r i c t ion ,  which was measured 
w i t h  a floating  surface  element, is also compared 
with  the  calculated value. 
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Me=2.58 
Rs* = 46800 

dp 0.0 - =  
dx 

s = 0.0 
t 

C =0.00166, fexp. C =0.00170 
t he. 

FIGURE 5 -  Comparison between a veloci ty   prof i le  measured by 
Coles [l4] on a flat  p la te  a t  Me = 2.58, and the 

calculated  prof i le  shown with  an unbroken l ine .  
The experimental skin f r i c t ion ,  which w a s  measured 
with a floating  surface  element, is a l so  compared 
w i t h  the  calculated  value. 
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Mes3.70 
R *= 58900 8 

S+ = 0.0 

0.5 0.4 0.3 - U-u 0.2 0. I 00 
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‘fexp. 
= 0.00138, C = 0.00145 

ft he. 

F I m  6. Comparison between a veloci ty   prof i le  measured by 
Coles [14] on a f la t  p la te  a t  Me = 3.70, and the 

calculated  profile sham w i t h  an unbroken l i ne .  
The experimental  skin  friction, which was measured 
with a floating  surface  element, is a l so  compared 
w i t h  the calculated value. 
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FIGURE 7 .  Comparison between a veloci ty   prof i le  measured  by 
Coles [l4] on a f la t  plate  at M = 4.55, and the 

calculated  profile shown with  an unbroken line. 
The experimental skin f r i c t ion ,  which w a s  measured 
wi th  a floating  surface element, is a l so  compared 
w i t h  the calculated value. 
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R x =  73600 8 

St  = 0.0 
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FICURE 8. Comparison between a velocity  profile measured by 
Nothwang [ls] with a pitot   tube on a flat plate  a t  

Me = 3.03, and the  calculated  prof i le  shown with an 

unbroken l ine.  
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FI- 9. Comparison between a very high Reynolds number 
velocity profile measured by Moore and  Harkness [I61 
on a tunnel wall a t  Me = 2.67, and the calculated 

prof i le  sham w i t h  an unbroken line. 
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FIGURE 10. Comparison  between expe r imen ta l   sk in   f r i c t ion  mea- 
surements  obtained  by a number of   inves t iga tors  
( a f t e r  Kuethe [ 2 0 ] ) ,  and   t he   ca l cu la t ed   sk in   f r i c -  
t i o n .  C /C is  t h e   r a t i o  of  compressible  skin 

f r i c t i o n   c o e f f i c i e n t   t o   i n c o m p r e s s i b l e   s k i n   f r i c -  
t i o n   c o e f f i c i e n t  at the same value  of R = 2000, 

and  one f o r  R grea te r   than  7000. The ca lcu la-  

t i o n   f o r  R = 2000 does  not  extend  beyond M = 1 

because  of  the  Reynolds number l i m i t a t i o n  on the  
e f f ec t ive   v i scos i ty   hypo thes i s .  

f f i  
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Again the  comparison  with  the data i s  favorable .  

Having seen  the  degree  of  success  achieved  by  the  effective  vis-  
cosi ty   assumption  in   cases  where is high enough, it i s  va luab le   t o   s tudy  

the   na tu re   o f   t he   e r ro r   i ncu r red   fo r  small values.  Some examples  of t h i s  are 
shown in Figures  11 through 16 . Figure 11 i l l u s t r a t e s   t h i s   e s p e c i a l l y  w e l l .  
Beginning  with  the first p r o f i l e ,   f o r  which the  calculated  value  of R,s is  
1,260, a progressive improvement i n  the theo re t i ca l   p red ic t ion  is evident  up 
t o   t h e  last  p r o f i l e   f o r  which Ls is 2,440. However, although  the  shape 
of   the   p rof i le  i s  not   too  good f o r  low R., t h e  growth of 6'" is qu i t e   ac -  
cura te  as is  a l s o  shown in   F igure  11 . The ca lcu la t ion  of t h i s  series w a s  
begun  by generat ing a cons t an t   p re s su re   p ro f i l e   i n t e rna l ly  at the  appropriate  
Mach number. Because  of t h e   s l i g h t   d i s c o n t i n u i t y   i n   s k i n   f r i c t i o n  and  other 
parameters   a f te r   the   genera ted   p rof i le ,  which w a s  mentioned in   Sec t ion  111, 
t h i s  p r o f i l e  w a s  calculated  for   approximate  values  of 6'" and R6* a t  x 

somewhat upstream  of  the first p r o f i l e  measurement a t  x = 5;95 . Trial 
ca l cu la t ions  were made from x. up t o  X = 5.95 SO that 6 and Rg 

matched the  experimental   values a t  x = 5.95. 

% 

0 

* 

The importance  of  considering R-~( = u6k/Ts) ra ther   than   the   ex-  

t e r n a l  Reynolds number ( =  m*/vm) is brought  out in Figure 12 , where 

@* would  be s u f f i c i e n t l y   h i g h  i f  t he  Mach number were  low. However, t he  
Mach number i s  high, making 5 ,  t oo  low and  therefore   the  theoret ical   pre-  
d i c t i o n  i s  poor.  Figures 13 through 16 a l s o   e x h i b i t   t h e  same e f f e c t  for a 
range  of Mach numbers. A t  the  beginning of   each   se r ies   the   p red ic t ion  is  
poor  and,  although it improves s l i g h t l y  as the  layers  develop  and R i n -  
creases,  the  Reynolds number i s  still not  high enough a t  the  end  of  each 
se r i e s , e spec ia l ly  in the  higher  Mach number cases .   In   sp i t e  of t h i s ,  it is 
i n t e r e s t i n g   t o   n o t e  that the  growth of i s  predicted  accurately.   For   the 
ca l cu la t ion  of t he  sets of p r o f i l e s  shown in Figures 13 through 16,as i n  
Figure 11 , both 6* and R6* matched the  experimental   values at t h e   i n -  
i t i a l  x station  according  to  the  procedure  described  above. 

* 
* 

N 

Because  of t he   va r i a t ion  of v across   the  layer ,   boundary  layers  
- 

with  low values  of K S  occur   in   p rac t ice  much more f requent ly  in compress- 
ible   f lows  than  in   incompressible   f lows.  It would b e   u s e f i l   t o  modify t h e  
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FIGUW 11. Comparison  between a series o f   ve loc i ty   p ro f i l e s  
measured  by Monaghan and  Johnson [21] on  the f la t  
w a l l  of a tunnel ,   and   the   ca lcu la ted   p rof i les .  
P ro f i l e s   ca l cu la t ed   u s ing  K = 0.016 i n   t h e   e f f e c t i v e  
v iscos i ty   f 'unc t ion   a re  shown w i t h  unbroken lines, 
and   p ro f i l e s   ca l cu la t ed   u s ing  K = 0.016 [1 3- ( ~ ~ O O / R  ) 3 
a r e  shown with  dashed  l ines .  The measured  growth  of 
6 with  x is  compared with  the  calculated  growth 
i l l u s t r a t e d  wi th  an  unbroken line. The ca l cu la t ed  
growth  of 6* f o r   b o t h  values of K are indis t inguishable .  
The init ial  and final values of R are a l s o  given. 
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dp = 0.0 

St = 0.0 
dx 

-a 
FIGURE 12. Comparison  between a ve loc i ty   p ro f i l e  measured  by 

Lobb, Winkler  and  Persh [18] on a f la t  tunnel  w a l l ,  
and   ca lcu la ted   p rof i les .  The p ro f i l e   ca l cu la t ed  
using K = 0.016 in   t he   e f f ec t ive   v i scos i ty   func t ion  
is shown w i t h  an  unbroken l i n e  and  the  prof i le  
ca lcu la ted   us ing  K = 0.016 [l + ( 1 1 O O / R  ) 2 ]  is  shown 

w i t h  a dashed line. The value of R ( =U?jk/vs) f o r  

this profile is 1050. 
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FIGURE 13. Comparison  between a s e r i e s  of ve loc i ty   p rof i les ,  
measured  by  Michel [22] on a cy l ind r i ca l  model 
whose radius  was la rge   wi th   respec t   to  the b m d -  
ary   l ayer   th ickness ,  and the   ca lcu la ted   p rof i les .  
Prof i les   ca lcu la ted   us ing  K = 0.016 in the   e f fec-  
t ive   v i scos i ty   func t ion   a re  shown w i t h  unbroken 
l i n e s  and prof i les   calculated  using K = 0.016~ 
[l + (11OO/R )2] are  shown with dashed l i nes .  
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The measured  growth  of e with X is compared wi th  
the  calculated growth i l l u s t r a t e d  with an  unbro- 
ken line. The calculated growth of e f o r  both 
values  of K are   indis t inguishable .  The init ial  
and f i n a l  values of R are also given. 
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FIGURE 14. Comparison  between a series of   veloci ty   prof i les ,  
measured  by  Michel [22] on a cy l indr ica l  model 
whose radius  w a s  l a rge   wi th   respec t   to   the  bound- 
ary  layer   thickness ,   and tk  calculated  prof i les .  
Prof i les   calculated  using K = 0.016 in   t he   e f f ec -  
t i v e   v i s c o s i t y   m c t i o n   a r e  shown with unbroken 
lines and prof i les   calculated  using K = 0.016~ 
[l + (11OO/R ) ] a r e  shown with dashed l ines .  

The measured  growth  of 8 with X is compared with 
t h e   c a l c u h t e d  growth i l l u s t r a t ed   w i th   an  unbro- 
ken l i n e .  The calculated growth  of 8 fo r   bo th  
values of K are indistinguishable.  The initial 
and final values of R are also given. 
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FIGURE 1 5 -  Comparison  between a s e r i e s  of ve loc i ty   p rof i les ,  
measured  by  Michel [ 2 2 ]  on a cy l indr ica l  model 
whose radius  was la rge   wi th   respec t   to   the  bound- 
ary  layer   thickness ,   and  the  calculated  prof i les .  
Prof i les   ca lcu la ted   us ing  K = 0.016 in the  effec-  
tive viscosi ty   funct ion  are  shown with unbroken 
l i n e s  and prof i les   ca lcu la ted   us ing  K = 0.016~ 
[l + (11OO/R ' ) 2 ]  a r e  shown with dashed lines. 

The measured  growth  of 8 with x is compared with 
the  calculated growth i l l u s t r a t ed   w i th   an  unbro- 
ken l i n e .  The calculated growth  of 8 fo r   bo th  
values of K are   indis t inguishable .  The i n i t i a l  
and f i n a l  values of R are also given. 
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FIGURE 16. Comparison  between a s e r i e s  of veloc i ty   p rof i les ,  
measured  by  Michel [22] on a cy l indr ica l  model 
whose radius was large  with  respect   to   the bound- 
a r y  layer thickness,  and the  Calculated  prof i les .  
Prof i les   calculated  using K = 0.016 in the   e f fec-  
t ive   v i scos i ty   func t ion   a re  shown wi th  unbroken 
l i n e s  and prof i les   calculated  using K = 0.016 X 
c1 + ( l100&)2] are sham  with  dashed  lines. 

The measuEd  growth of 8 with is compared w i t h  
the   ca lcu la ted  growth i l l u s t r a t e d  w i t h  an  unbro- 
ken l i ne .  The calculated growth of 8 for   bo th  
values of K are   indis t inguishable .  The i n i t i a l  
and final values of R are   a lso  given.  -s 



behavior   of   the   effect ive  viscosi ty  t o  account  for  this.   Accordingly,  some 
numerical  experiments were  performed wi th  tr ial  amendments t o   t h e   e f f e c t i v e  
v iscos i ty   func t ion  f o r  low  Reynolds  numbers. The most successful  method 
seemed t o  be tro vary K according 'w the   fol lowing  rule  

I- 1 

Then the  overlap  layer,  which o rd ina r i ly  would  have disappeared as the   ou ter  
region met the  sublayer ,  i s  maintained.  Although t h i s  procedure  maintains 
the   essent ia l   over lap   l ayer   spec i f ied   in   the   th i rd   assumpt ion  of the hy-poth- 
es is ,   the   device  used i s  somewhat a r t i f i c i a l .  The r e s u l t s  of t h i s   co r rec t ion  
a r e  shown as dashed l i n e s  on the   ve loc i ty   p ro f i l e s  where the  Reynolds numbers 
were too  low fo r   t he   u sua l   e f f ec t ive   v i scos i ty .  The p r o f i l e s   i n  a l l  cases 
are   considerably improved. O f  course,   this  approach is merely  exploratory 
and  the  principle  conclusion seems t o  be that it works. Furthermore, it does 
not seem t o   r e p r e s e n t  a t ruly  systematic   extension of t he  first order  hypoth- 
es i s   represented  by equation (12). 

Axisymetric Flow with a Pressure  Gradient 

Variable  pressure  gradient data a r e   a l s o   r a r e ,  due t o   t h e   g r e a t l y  
inc reased   d i f f i cu l ty  of  carrying  out  boundary  layer  investigations in flow 
with Mach waves. The pressure  gradient  experiments  performed  by  Winter, 
Smith  and  Rotta [ 23 1 were  chosen f o r  comparison here.  These data a r e  com- 
p l e t e  and carefu l ly   t aken ,   bu t   the   resu l t s   inc lude   o ther   e f fec ts   bes ides  
pressure  gradients   s ince measurements  were taken on a surface of revolution. 
The e f f e c t s ,  which must  be accounted  for ,   include  la teral   and  longi tudinal  
curvature as we l l  as freestream Mach number variation.  Although  the Mach 
number va r i a t ion  is not  excessive,   the change in   l a t e ra l   cu rva tu re   causes  
strong  convergence  and  divergence  of  the  stream  lines.  Furthermore, i n  some 
places  the  approximation that &/RUT << 1 was no longer   val id  and the  

equations  of  motion had t o  be writ ten  in  axisymmetric form ( s e e  Appendix E ) .  
The approximation t h a t   t h e  boundary l aye r  was perpendicular   to   the   ax is  of 
symmetry w a s  s t i l l  va l id ,  however, s ince %m. << 

Boundary l a y e r  development w a s  ca l cu la t ed   fo r   fou r   s e r i e s  of  pro- 
f i l e s .  The approximate Mach number range  represented is  from 0.5 t o  3.3 and 
the  approximate  Reynolds number range i s  from US*/vm = 5000 t o  45000. The 
lowest Mach number flow had only small changes i n  Mach number, whereas the  
Mach number va r i a t ion  in the  other   f lows was more substant ia l .   Calculat ions 
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FIGURE 17. Free  stream Mach  number d is t r ibu t ion  measured by 
Winter,  Smith  and  Rotta [23 ] which was used in the 
calculations.  



FIGURE 18. Comparison between displacement  thickness  variation 
measured  by Winter,  Smith  and  Rotta [ 2 3 ] ,  and the 
calculated  variation,  sham  with  an unbroken l ine .  
The circles  iadicate  the  experimental  values ob- 
ta ined  direct ly  from the   prof i les  and the  squares 
indicate  the  values  calculated  with  the Von  Karman 
in tegra l  momentum equation  beginning  with  the  initial 
experimental 8 and the  experimental  values  of C 
and s*/e. f 
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FIGURE 19. Comparison between momentum thickness  variation 
,measured by Winter,  Smith  and  Rotta 1233, and the 
calculated  variation,  sham w i t h  an unbroken l ine .  
The circles  indicate  the  experimental  values ob- 
ta ined   d i rec t ly  from the  prof i les ,  and the  squares 
hdicate  the  values  calculated  with  the Von  Karman 
in tegra l  momentum equation  beginning w i t h  the initial 
experimental 0 and the  experimental  values  of C 
and &*/e. f 
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Comparison  bewteen t h e   d i s t r i b u t i o n  of   sk in   f r ic t ion  
coe f f i c i en t  measured  by  Winter,  Smith  and  Rotta [ 2 3 ]  
with  surface  pi tot   tubes ,   and  the  calculated distri- 
but ion,  shown with  an  unbroken  line. 
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FIGURE 21. Comparison between a s e r i e s  of v e l o c i t y   p r o f i l e s  
measured  by  Winter,  Smith  and  Rotta 1231 on a 
waisted body of revolut ion,   and  the  calculated 
prof i les ,  sham  with  an  unbroken  l ine.  
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FIGURE 22. Comparison  between a s e r i e s  of v e l o c i t y   p r o f i l e s  
measured by Winter,  Smith  and  Rotta [23] on a 
waisted body of revolut ion,   and  the  calculated 
p r o f i l e s ,  shown with  an  unbroken  l ine.  
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wais ted body of revolut ion,   and  the  calculated 
p r o f i l e s ,  s h a m  with an  unbroken line. 
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were begun  by genera t ing   prof i les   in te rna l ly   under   the   p roper   condi t ions  of 
p re s su re   g rad ien t   and   l a t e ra l   r ad ius   g rad ien t   fo r  a s ta t ion  upstream  of   the 
first measured p r o f i l e .  Then trial ca lcu la t ions  were c a r r i e d   o u t   t o   f i n d  
t h e  Reynolds number and  displacement  thickness a t  the   ups t ream  s ta t ion   tha t  
would resu l t   in   the   exper imenta l   condi t ions  a t  the  first experimental   pro- 
f i l e .  The f i n a l   c a l c u l a t i o n s  were in i t i a l i zed   w i th   t hese   va lues .  The Nach 
number d i s t r i b u t i o n s   i n   F i g u r e  17, and  the  assumption  of  an  adiabatic w a l l  
were used as boundary  conditions.   Calculations were  performed  twice, first 
wi th   t he   a s sumpt ion   o f   cons t an t   t o t a l   en tha lpy ,   (g  ' = 0)  and  again  using  the 
energy  equation  with  Pr = 0.78 and  Prt = 1.0 . A s  i n  the  case  of   the 
cons tan t   p ressure   p rof i les   the   d i f fe rence  w a s  small. 

Figures  18 and 19 show the   exper imenta l   and   theore t ica l   var ia t ion  
of 6* and e . In   bo th   cases   the   ca lcu la ted   va lues  compare very  wel l  
showing tha t   t he  convergence  and  divergence  has  been  properly  accounted  for. 
The poin ts  marked with  squares  were ca lcu la tcd   us ing   the  von Karman i n t e g r a l  
momentum equat ion  with  the  experimental   values   of  C f  and s*/@ . This 
v e r i f i e s   t h a t   t h e  symmetry of  the  flow w a s  good. The r e s u l t s  of the   sk in  

f r i c t i o n   c a l c u l a t i o n   a r e  shown in   F igu re  20. Although the  tendency of t he  
ca lcu la ted  Cf i s  co r rec t  i n  a l l  cases ,   the   predict ion i s  genera l ly  some- 
what high. A t  p re sen t   t he   r eason   fo r   t h i s  i s  not known. 

The p r o f i l e s   a r e  shown in   F igu res  21 t o  24 . The f i rs t  few 
p r o f i l e s  compare w e l l   i n  most  case:;,  which shows that the  method  of i n i t -  
i a l i z i n g   t h e   c a l c u l a t i o n  is  adequate. However, near  the  region  of  the waist 
of   the body the   ca l cu la t ed   p ro f i l e s   beg in   t o   d ive rge  from the  experimental  
p r o f i l e s .  Beyond the  region of t he  waist the  Mach number d i s t r ibu t ion   ou t -  
side  the  boundary  layer  reported  by  Winter,   Smith  and  Rotta i s  almost  con- 
s t an t   i n   each   ca se .  On the   o ther  hand, the  experimental   prof i les  change very 
much beyond th i s   po in t .   The re fo re ,   e i t he r   t he   ex t e rna l  Mach number var- ia t ion 
i s  not   indicat ive  of   the  Mach number va r i a t ion   i n s ide   t he   l aye r ,  due perhaps 
to   the   p resence   o f  Mach waves, or there  i s  a n   e f f e c t   o t h e r   t h a n   t h a t  of  pres- 
sure   gradient  which has not  been  taken  into  account.  One p o s s i b i l i t y  i s  the  
e f f e c t  of   longi tudinal   curvature  on the   s t ruc tu re  of t h e   t u r b u l e n c e   i t s e l f .  
Experiments  such as those  of  Eskinazi  and Yeh [24] in   constant   property  f low 
have showfl t h a t   t h e  mechanism of the  turbulent  motion is  a f f ec t ed  by longi -  
tud ina l   curva ture .   Mel lor   a l so   po in ted   ou t  [ 5 ]  t h a t   t h i s  w a s  probably a s i g -  
n i f i c a n t   e f f e c t  i n  some incompressible  boundary  layer  flows. It is  proposed 
that faster moving f l u i d   f a r t h e r  from the  w a l l  would  be inh ib i t ed  from  mixing 
w i t h   f l u i d   c l o s e   t o   t h e  w a l l  by a cen t r i fuga l   fo rce   ac t ing  away from the  w a l l  
on a convex w a l l ,  and  encouraged t o  mix by a c e n t r i f i g a l   f o r c e  on a concave 
w a l l .  Thus in the  more s tab le   case  on a convex w a l l ,  t h e   e f f e c t i v e   v i s c o s i t y  
would be reduced,  and on a concave w a l l  t h e   e f f e c t i v e   v i s c o s i t y  would  be in-  
creased. This  is t h e  defect which is appa ren t   i n   t he   t heo re t i ca l   ca l cu la t ions .  
In the region  before   the waist, where logitudinal curvature i s  small, t h e   c a l -  
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cu la t ions   compre  w e l l .  Beyond the waist, where longi tudina l   curva ture  is 
l a r g e ,   t h e   c a l c u l a t e d   p r o f i l e s   a r e   n o t  as f u l l  as the  experimental   ones,   in- 
d i ca t ing  that t h e   e f f e c t i v e   v i s c o s i t y   u s e d   i n   t h e   c a l c u l a t i o n s  w a s  not   large 
enough.  This effect  w a s  a l so   appa ren t   i n   ca l cu la t ions  of data measured  by 
McLafferty  and Barber [25]  on a concave surface.   Here,   al though  the  experi-  
mental  boundary  layer did not separate, the ca l cu la t ed  boundary l aye r  sepa- 
r a t e d  after a shor t   d i s tance   in   the   adverse   p ressure   g rad ien t .  Again it is  
l i k e l y  that t h i s  separa t ion   resu l ted  from a lower  value  of   effect ive  viscosi ty  
in   the   ca lcu la t ions   than   in   the   exper imenta l   f low.   Recent ly   Rot ta  [26] has 
re-examined the  Winter,  Smith  and  Rotta [23 ] data. He points   out  that i n  com- 
pressible   f low on an   ad iaba t i c  w a l l  the curva ture   e f fec t  is  amplified  by  the 
d e n s i t y   s t r a t i f i c a t i o n .   T h i s  would explain the observation that the   theory  
p r e d i c t s   t h e   p r o f i l e s   a f t e r   t h e  waist b e t t e r   f o r  the  lower Mach number cases  
than  in  the  higher  ones.  

Heat Transfer  

Although a considerable amount  of  work has  been done on hea t   t rans-  
f e r  i n  turbulent  boundary  layers,   very few tempera ture   p rof i les  have  been 
measured compared t o  the  number of v e l o c i t y   p r o f i l e s  measured.  Furthermore, 
few heat t r a n s f e r  measurements  have  been a t  moderate Mach numbers. Most of 
t he  data i s  e i t h e r  from constant   property or hypersonic  flow.  Unfortunately, 
the  hypersonic  experiments,  such as Lobb, Winkler and  Persh [18] and 
Danberg [ 27 1 were a t  Reynolds numbers which  were too  low for   the  hypothesis .  
A ser ies   of   temperature   prof i les   for   an  incompressible ,   constant   densi ty   f low 
w a s  ca l cu la t ed   fo r  comparison  with some p r o f i l e s  measured  by  Reynolds, Kays 
and  Kline [ 28 1 . Following  the  boundary  conditions  reported  for  the data, 
ca l cu la t ions  were made a t  constant  pressure  and  constant w a l l  temperature.  
The p r o f i l e s  were ca lcu la ted  w i t h  P r  = 0.78  and  Prt = 1.0.  A tu rbulen t  

Prandt l  number of one  gave the   bes t   r e su l t s   a l t hough  small va r i a t ions  i n  
Prt had l i t t l e   e f f e c t .  However, t he  data ava i l ab le  are n o t   s u f f i c i e n t   t o  
make a d e f i n i t i v e  judgement  on the   bes t   va lue .  The ca l cu la t ions  of t h e   s e r i e s  
of   temperature   prof i les  are compared w i t h  the  data in Figure 25 . The 
predic t ion  is  qu i t e  good. 

Another  comparison is  afforded  by a group of Stanton number d i s -  
t r i b u t i o n s  measured by  Moretti  and Kays [ 29 3 .  These again are incompress- 
ible   constant   densi ty   f lows  but   they  include a wide v a r i e t y  of longi tudina l  
w a l l  t empera ture   d i s t r ibu t ions   and   pressure   d i s t r ibu t ions .  The ca lcu la t ions  
were  performed w i t h  the  experimental  velocity  and  temperature  boundary  condi- 
t i o n s   s h a m  i n  the bottom two graphs of Figures  26 t o  37 . The experi-  
mental  Reynolds number and momentum thickness  were only   repor ted  at one poin t  
i n  the  flows. These are noted on the  graphs  of mainstream v e l o c i t y   d i s t r i b u -  
t i o n  and  the  posi t ion of t h e  measurement i s  indicated  with  an  arrow.   In   order  
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FIGURE 25- Comparison between a ser ies  of low  Mach number, 
constant  -property  temperature  profiles, measured 
by  Reynolds, Kays and  Kline [28] on a heated f la t  
p la te  in  a free  jet   tunnel,   and  the  calculated 
temperature  profiles, shown with unbroken l ines .  
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FIGURE 26. Comparison between a Stanton number d i s t r ibu t ion  
measured  by  Moretti  and Kays [29]  on a cooled f lat  
p l a t e ,  and the calculated  Stanton number d i s t r ibu -  
t i o n  shown with  an unbroken l i n e .  Also shown are 
the  experimental   veloci ty   dis t r ibut ion  and w a l l  
temperature   dis t r ibut ion which were used   fo r  the 
ca lcu la t ions .  
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FIGURE 2'7. Comparison  between a Stantoll number d is t r ibu t ion  
measured  by Moretti and Kay6 [29]  on a cooled f l a t  
p l a t e ,  and the calculated  Stanton number d is t r ibu-  
t ion   sham  wi th   an  unbroken line. Also shown are 
the  experimental   velocity  distribution and w a l l  
temperature  distribution which  were used for the  
calculat ions.  
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FIGURE 28. Comparison  between a Stanton number d is t r ibu t ion  
measured  by Moretti  and Kays [ 2 9 ]  on a cooled flat 
p la te ,  and the calculated  Stanton number d is t r ibu-  
t i o n  shown with  an  unbroken  line. Also shown are 
the  experimental   velocity  distribution and wall 
temperature d i s t r ibu t ion  which  were used  for   the 
calculat ions.  
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FIGURE 29. Comparison  between a Stanton number d i s t r ibu t ion  
measured by Moretti  and Kays [29] on a cooled f la t  
plate,  and  the  calculated  Stanton number d is t r ibu-  
t ion   sham  wi th   an  unbroken line. Also shown are 
the  experimental   velocity  distribution and wall 
temperature  distribution which  were  used f o r  the  
calculat ions.  
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FIGURE 30. Comparison  between a Stanton number d i s t r ibu t ion  
measured  by Moretti  and Kays [29 1 04 a cooled f l a t  
p l a t e ,  and  the  calculated  Stanton number d i s t r ibu -  
t i o n  shown with  an  unbroken  line. Also shown a re  
the  experimental   veloci ty   dis t r ibut ion and w a l l  
temperature   dis t r ibut ion which were used   for   the  
calculat ions . 
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FIGURE 31. Comparison  between a Stanton number d i s t r i b u t i o n  
measured  by  Morett i and Kays [29 1 on a cooled f lat  
p l a t e ,  and the  calculated  Stanton number d i s t r i b u -  
t i o n  shown w i t h  an  unbroken  l ine.  Also sham are 
the   exper imenta l   ve loc i ty   d i s t r ibu t ion   and  w a l l  
temperature   dis t r ibut ion  which were  used for t h e  
ca l cu la t ions .  , 
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FIGURE 32. Comparison  b'etween a Stanton number d is t r ibu t ion  
measured  by Moretti  and Kays k g ]  on a cooled f la t  
plate,  and  the  calculated  Stanton number d is t r ibu-  
t i o n  sham w i t h  an unbroken l i n e .  Also shown are 
the  experimental   velocity  distribution  and wall 
temperature  distribution which  were used   for  the 
calculat ions.  
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FIGURE 33. Comparison between a Stanton number d i s t r ibu t ion  
measured  by Moretti  and Kays [29]  on a cooled f l a t  
plate,   and the  calculated  Stanton number d i s t r ibu -  
t i o n   s h a m  w i t h  an unbroken l i n e .  Also shown are 
the  experimental   veloci ty   dis t r ibut ion  and w a l l  
temperature   dis t r ibut ion which were used for the 
ca lcu la t ions .  
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FIGURF: 34. Comparison  between a Stanton riumber d i s t r i b u t i o n  
measured  by  Moretti  and Kays [29 ]  on a cooled f l a t  
p la te ,   and   the   ca lcu la ted   S tan ton  number d i s t r i b u -  
t i o n   s h a m  w i t h  an  unbroken  l ine.  Also sham a r e  
the   exper imenta l   ve loc i ty   d i s t r ibu t ion   and  wall 
temperature   dis t r ibut ion  which  were  used  for   the 
ca l cu la t ions .  The x pos i t i on  marked w i t h  a ver-  
t i c a l   l i n e  on the  Stanton number curve shows the 
pos i t i on  that R ( =  U6*/i3 ) becomes l e s s   t h a n  
2500. 

-6 k s  

62 



st 

0 

,003 .. 

,002 '. 

,001 " 

07 
0 IO 20 30 40 50 60 70 

x (in) 

.0°4 t ,004 '. 0 

,003 .. 

,002 '. 

,001 " 

07 
0 IO 20 30 40 50 60 70 

x (in) 

200 .. R, = 1.27 X IO6 
u ( f p s )  3 00 

R, = 2820 
100.. 

0 i" L*:: 
O d  IO 2o x (in) 40 

50 60 70 

20 t 
0 

0 

0 
" -00 

IO 20 30 40 50 60 70 
x (in) 

FIGURE 35. Comparison  between a Stanton number d i s t r i b u t i o n  
measured  by  Moretti  and Kays [29]  on a cooled flat 
p la te ,   and   the   ca lcu la ted   S tan ton  number d i s t r i b u -  
t i o n  shown wi th  an  unbroken  l ine.  Also shown a r e  
the   exper imenta l   ve loc i ty   d i s t r ibu t ion   and  w a l l  
temperature   dis t r ibut ion  which were  used for t he  
ca l cu la t ions .  The x pos i t i on  marked wi th  a ve r -  
t i c a l   l i n e  on the  Stanton number curve shows t h e  
pos i t i on  that R ( =  U€j*/T ) becomes l e s s   t h a n  
2500. hs k s  
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FIGURE 36. Comparison between a Stanton number d i s t r ibu t ion  
measured  by Moretti  and Kays 1291 on a cooled flat 
p l a t e ,  and  the  calculated  Stanton number d i s t r ibu -  
t i o n  shown with  an unbroken l i n e .  Also shown are 
the   exper imenta l   ve loc i ty   d i s t r ibu t ion  and w a l l  
temperature   dis t r ibut ion which were used for  the  
ca lcu la t ions .  
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FIGURE 37. Comparison  between a Stanton number d is t r ibu t ion  
measured  by Moretti  and Kays [291 on a cooled f l a t  
p l a t e ,  and the  calculated  Stanton number d is t r ibu-  
t i o n  shown with  an unbroken l i n e .  Also shown a re  
the  experimental   veloci ty   dis t r ibut ion and w a l l  
temperature   dis t r ibut ion which  were  used for the  
ca lcu la t ions .  
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t o  match these  values ,   prel iminary  calculat ions were made and  the i n i t i a l  
c o n d i t i o n s   r e s e t   t o  match the  experimental  momentum thickness  a t  the   repor ted  
point .   Unfortunately  the  values   of  €3. for a l l  of these  f lows were r a t h e r  
low.  Although i n  manjr cases  R_, stayed above 2500, t he   s t rong  mainstream 
acce lera t ions   in   o ther   cases   caused  6 t o  decrease  and  therefore R s  to 
drop  below 2500. Because  of th i s   the   hypothes is  i s  i n   e r r o r  a t  some of t he  
most i n t e re s t ing   p l aces .  Those cases  in which t h i s  happens a r e  marked with 
a v e r t i c a l   l i n e  on the  Stanton number p l o t  a t  the  x pos i t   ion  where it 
occurs. 

* 
N 

The measured  and  calculated  values of the  Stanton number d i s t r i b u -  
t i o n   a r e   p l o t t e d   t o g e t h e r  a t  the   t op  of  Figures 26 through 37 . The r ap id  
changes in  Stanton number are predicted  wel l  i n  the  decelerat ing  case,  
Figure 36 ,  and  the  cases   with  lower  accelerat ing  pressure  gradients .  Even 
the  last case,  where the  temperature   dis t r ibut ion is  a series of a l t e r n a t e  
temperature  steps i s  predic ted  well. The calculated  Stanton numbers continue 
t o  compare w e l l  in the   f lows  with  s t rong  pressure  gradients   (Figures  30 t o  33) 
as long as Es is above 2500. Furthermore, when R does go too  l o w ,  the  

ca lcu la t ions  s t i l l  have the  correct  tendency for a short   distance.   Therefore,  
t h i s  i s  a favorable   beginning   for   the   e f fec t ive   d i f fus iv i ty  . S t i l l  more 
data are   necessary i n  compressible  flow a t  higher  Reynolds numbers t o   t e s t  
f u l l y   t h e   v a l i d i t y  of t he   e f f ec t ive   d i f fus iv i ty .  

- 

V. CONCLUDING FiENARKS 

The resul ts   c i ted  demonstrate  that the   e f fec ts   o f   compress ib i l i ty  
have  been cor rec t ly   incorpora ted   in to   the   e f fec t ive   v i scos i ty  hy-pothesis f o r  
constant Mach number flows. The e f fec t   o f  Mach number on t h e   s k i n   f r i c t i o n  
coe f f i c i en t ,  on the  profile  shape,  and on the growth  of 6* axe  predicted 
qui te   wel l .  It i s  unfortunate   that  more data  in  compressible  f low  with  pres- 
sure   g rad ien ts   a re   no t   ava i lab le .  The only  f lows  for  which  calculations 
were made were  f lows  with  posit ive  pressure  gradients.   In  these  cases  the 
r e s u l t s  were qui te  good, a l though   t o  complete  the  verification of the  hypoth- 
esis data taken  in  f lows  with  favorable  pressure  gradients  and  data  in  f lows 
wi th   separa t ion   a re   requi red .   In   the   pos i t ive   p ressure   g rad ien t   da ta  that 
w a s  examined the re  were regions of  almost  constant  pressure  flow  but  with 
s t rong  longi tudinal   curvature  which were not  predicted w e l l .  This  and  other 
circumstantial   evidence seems t o   i n d i c a t e  that the re  is  a n  e f fec t   o f   longi -  
tudinal   curvature  on the   tu rbulen t   s t ruc ture  which  has  not as yet  been  in- 
cluded i n   t h e  hy-pothesis. ( A n  experimental  study of w a l l  curva ture   e f fec t  
is  in   p rogress  at Princeton  Universi ty . )  

Based  on the   l imi t ed  amount of data, the   resu l t s   ob ta ined   us ing  
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1 the   effect ive  diffusivi ty   in   incompressible   f low  with  heat   t ransfer   are   a lso 
favoralbe . Again, it would  be use fu l  i f  more temperature   prof i les  were avail- 
ab le ,   expec ia l ly  from compressible  flow, to   es tab l i sh   fur ther   conf idence   in  
the   t heo re t i ca l   p red ic t ions .  

Princeton  University 
Princeton, N.J., Apr i l  11, 1968 



APPENDIX A .  ORDER OF MAGNITUDE AMLYSIS 

FOR EQUATIONS OF MOTION 

A n  order  of magnitude ana lys i s  i s  most conveniently  performed  with 
the  equations in non-dimensional form. Accordingly,  the  dependent  variables 
w i l l  b e   r e f e r r e d   t o   t h e i r   v a l u e s  a t  some poin t ,  r in   the  undis turbed  s t ream, 
and x and y w i l l  be r e f e r r e d   t o  a representative  dimension  of the body, 
.f? , such that au+/bx+ is  of order   un i ty .  The new variables a r e  

+ u  + v  + w  + P  + P - Per 

'r 
lJ = -  

'r 'r 
J v = -  , w = -  ? 

p = -  > P =  
'e 2 

r 'e 'r r 

If t hese   va r i ab le s  are in t roduced   in to   equat ions   (2a)   th rough  (2f ) ,   the   re -  
s u l t s   a r e  

CAP 
+ ( &+&*pf) 

E 
E A L  

+ 
e 
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y-1 2 o+ + y-1 2 + -2 + l2 + 
(1 + 2 Me). = h + - M(u + u  + v  + W  2 e  

1 1  

2 +  + +  
- " 

1 + 7 M e p  = p  h + 

1 1 

Below each term i s  a 

1 e  e & 

p+'$ I 

" 

notat ion of i t s  ' magnitude i n  accordance  with the ais - 
cussion  which  follows. 

70 



To begin  with,  the  thickness of the  boundary layer ,  6 , i s  as- 
1 sumed t o  be  considerably  smaller  than ,l , so that a( )/by+ i s  of  order 

l/& , ( E  = 5/ , l  << 1) . Then,  on the   bas i s  of experimental  evidence, 
(Laufer [7], K i s t l e r  1303) some assumptions  are made about  the  turbulent 
co r re l a t ion  terms , 

+ / + I  
u v = 0 ( C f )  J 

+ '2 1 1  

U = o(u v ) , + +  

+ '2 1 1  

V = o(u v ) J 

+ +  

1 1  + +  

Now, s ince  the chLnge of y across   the  layer  is  of order E , It  i s  c l e a r  
from (A2a) t h a t  v+  must a l s o  be  of order E . Furthermore , i f  the  equa- 
t i o n s   a r e   t o   d e s c r i b e  a boundary layer  f low,  the  turbulent  shear  stress  term, 
a( p '  U+'V+ ')/a? , must  be  of the same order as the   iner t ia   t e rms   in   the  x 
momentum equation.  Therefore Cf must be of order E , which i s  in   agree - 
ment with  experimental   results.   Finally,   changes of p+ and h+ in   t he  
X+ d i r ec t ion   a r e  assumed t o  be  of the same order as the  changes  across  the 
layer,   and  respectively.   This i s  in  keeping  with  the method 
used for u+ , where nu" i n   t h e  x+ di rec t ion  i s  taken as order 1. 

+ 

- - 

- 
- 

1 1  

To make statements  about  terms  containing p u and p v .it 
i .s  necessary  to  put  an  upper bound on p+ . For an  order of  magnitude ana.1- 
y s i s  it is s u f f i c i e n t   t o   s a y   t h a t  p + '  could  resul t  from several   causes:  
a )  turbulent   bulk  t ransport  of f l u i d  from regions of different   densi ty ,   ve-  
l o c i t y  and  enthalpy; b )  turbulent  pressure  f luctuations;   c)   molecular  viscous 
dissipation  caused by the  f luctuating  velocity;   and  d)  molecular  heat  transfer 
dr iven by the  f luctuat lng  enthalpy.  

+ +  + / + I  

Except in   the  regions  very  near   the w a l l ,  molecular  transport  is  
general ly  assumed to   exer t   neglTgib le   e f fec t  on the  mean equations of  motion. 
The ro l e  of   viscosi ty ,   or   conduct ivi ty ,  i s  t o   e s t ab l i sh   t he   sma l l e s t   poss i -  
b le   sca le  of turbulence.  But for su f f i c i en t ly   l a rge  Reynolds number t h i s  
smallest   scale  i s  far removed from the   sca les  of turbulence that play a ro l e  
i n  the  turbulent  transport   processes.  
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The poss ib l e   e f f ec t  of pressure   f luc tua t ions  is  not as c l e a r .  
Kovasznay [3l] has measured  the  pressure  f luctuation  (expressed as the  mass 
f low  f luc tua t ion )   j u s t   ou t s ide   t he  boundary l aye r ,  which he f e e l s   t o  be  in- 
dicat ive  of   the   pressure  f luctuat ion  inside  the  boundary  layer .  He found 
the  mass f l o w   f l u c t u a t i o n   t o  be of  the  order of 0.1 per   cent  a t  a Mach  num- 
ber  of 1.75, whereas he found  the   ve loc i ty   f luc tua t ion   in   the  boundary l aye r  
t o  be 2 t o  3 per   cen t .   Therefore ,   un t i l  more da t a  is  ava i lab le ,   the  assump- 
t i on   t ha t   t he   p re s su re   f l uc tua t ions   a r e   neg l ig ib l e  seems t o  be j u s t i f i e d .  

If the  bulk  t ransport  is  the  major cause of density  and  enthalpy 
f luctuat ions,   then  the  f luctuat ions  should be cor re la ted   wi th   the   ve loc i ty  
f luc tua t ions ,   s ince  it is  t h e   l a t t e r  which ca r ry   f l u id   w i th  one density  and 
enthalpy  into  regions  with  other  average  values.  Furthermore,  density  and 
enthalpy  should  be  correlated if pressure   f luc tua t ions   a re   negl ig ib le .  Both 
Kovasznay [3l] and Kistler [3O1 have found a s t rong  negat ive  correlat ion 
between the  temperature  and  the  velocity.   This  should be expected  since  the 
region  near   the w a l l  has a relatively  lower  velocity  and  higher  temperature 
than  the  region far from the  wall. Furthermore,  studying a wide va r i e ty  of 
Mach numbers and,   therefore ,   s ta t ic   temperature   differences  across   the  layer ,  
Kistler found that the   d i s t r ibu t ion  of s ta t ic   temperature   f luctuat ions w a s  
very   near ly   p ropor t iona l   to   the   s ta t ic   t empera ture   d i f fe rence   across   the   l ay-  
e r .  This i s  a l s o  t o  be  expected i f  the  dominant e f f e c t  i s  bulk   t ranspor t ,  
s ince more extreme fluctuations  can  only  occur i f  there   a re   wider   var ia t ions  
of the  t ransport   property  avai lable   within  the  layer .   Al though  these  obser-  
va t ions   a re  far from a proof that bulk  t ransport  i s  the  dominant cause of 
densi ty   and  enthalpy  f luctuat ions,   they make an  assumption t o   t h a t   e f f e c t  
seem reasonable. 

The conventional  representation of t h i s  assumption i s  the  xeynolds 
analogy. The Reynolds  analogy i s  tha t   t he   f l uc tua t ion  of the  t ransported 
property is  proport ional   to   the  product  of the  gradient  of the  t ransported 
property  and  the  veloci ty   f luctuat ion.   In   the  case of p+ 'v+ T-, t h i s  i s  

"_." 

+ '+I + ' + ' ap+ /au+ 
p v = u  v - / -  . 

Of course  equation (Ab) is  consis tant   with  equat ions ( 7 )  and (13)  which a r e  
discussed  in   Sect ion 11. For an  order of  magnitude ana lys i s  it i s  adequate 
t o  approxj.mate-a?/hy+ as the  average  density  gradient  across  the  layer,  
A?/& , and  au+/ay+ as the  average  veloci ty   gradient  , nu+/& (- l/e) . 
Therefore 

7 2  
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o r  

The-remaining term i n  the  x momentum equation is  the   p ressure  
gradient,   ap+/ax+ , which  must  be of t h e  same order  as the   iner t ia   t e rms  so 
long as the   ve loc i ty   i n   t he   ex t e rna l   f l ow does  not  approach  zero. However, 
the   on ly  term on t h e l e f t  hand s ide  of t he  y momentum equat ion   tha t  is  of 
importance is  a (  3 e Q)/ay+ . If the  magni tudeof   the  pressure  gradient  
across   the   l ayer ,  ap'/ay+ , i s  represented by m+/& , it i s  c l e a r  that 
Ap+ = o(& + &A?) . 

By fol lowing  the same approach that yielded ( A 5 ) ,  the   fol lowing 
r e l a t i o n s  may be shown : 

+ I + '  
I f  - 

u h , v+ h" = O(&Ah+) , 

and 

I '  " 

p+ hf = O(&np Ah ) . + +  

I 

For cor re l a t ions   i nvo lv ing   t he   t o t a l   en tha lpy   f l uc tua t ion ,  ho+ , t h i s  
quantity  can  be  obtained  by  subtracting  equation  (Ape) from the  same equa- 
t i on   be fo re  Reynolds  averaging has been  performed. The r e s u l t  is 

+ '2 7 z -  + '2 + '2 + '2 + *2-i 
+ u   - u  f V  - v  + w  - w  - 1 

Then, after mult iplying ( A 8 )  by v , f o r  example, and  Reynolds  averaging, 
t h e  result i s  

+ '  
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+ I o + '  1 v h  = +'h+ ' + (y-1)M u u v '1 , 2 T  + ' +  
e 1+- - 

&Ah+ & 

Therefore 

+ '  o+ - 
v h = O(&Ah ) . +O 

Simi l i a r ly  it can be shown that 

( A l O a  ) 

4- jh0+ 
I 

U = O( &Aho+) , 
- 

and 

( AlOb ) 

( AlOc ) 

Having estimated  the  magnitudes of the  terms as noted on equa- 
t i o n s  ( 2 ) ,  the   s ignif icance of these  terms may be  assessed  under  various 
conditions.   Evidently  the magnitude  of ~ p :  

- 

I " W 

1 + - M  
y - 1  2 

i s  of  prime  importance i n  the-ordering  of the  terms. For very small Mach 
number and  heat   t ransfer ,  i s  small. In   th i s   case   equat ions  ( 2 )  would 
simply  reduce t o  the  famil iar   constant   property  equat ions of  motion. How- 
ever,  i f  the   hea t   t ransfer  is subs t an t i a l  or t he  Mach number is la rge ,  
A 7  w i l l  be  of order  unity.   Apparently  several  more terms  in  equations ( 2 )  
become important  and  the  result ing  equations  can be wr i t t en  
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y p  v + p  v ) = I  
. .  . .  

( A12a ) 

(A12e ) 

The y momentum - equation2.s  not  inclvded  since .its only  contr ibut ion i s  t o  
show t h a t  &p+ = O ( &  4- Fnp") and  therefore ,   the   var ia t ion of a p  /3x 
across   the  layer  i s  negli.g.i.ble i n   t h e  x momentum equation. 

- + . +  

- 
It i s  in t e re s t ing   t o   no te  that the   s i ze  of Ah does  not  serve 

Of 

t o   d i s t l n g u k h  between the   r e l a t ive  importance  of  the  terms  in  the  energy 
equation,  but  simply  whether or not  the  equation as a whole has  significance 
i n  a pa r t i cu la r   s i t ua t ion .   In   t he  e-nergy equation, as in   t he  x momentum 
equation, it i s  the  magnitude of AP+ which selects  the  meaningful  terms. 

In   equat ions (A12b)  and  (A12c) it i s  poss ib le   to   rewr i te   the   shear  
s t r e s s  and  heat flux terms. The turbulen t   shear   s t ress  may be wr i t t en  as 

Then wi th   t he   a id  of equation ( A 8 )  the   th i rd   t e rm  in   equa t ion  (A12c) may be 



wri t t en  

- 
+ + I o + /  

- + f l "  

- p  v h = - p  v + h +   + u ( - p  u + 

If the  turbulent   heat  flux i s  defined as 

equation ( A 1 4 )  becomes 

- 1 1 " -  

+ + +  
t 

- p+ v+ ho+ = qt + u T 

When wr i t ten   in   t e rms  of t he   o r ig ina l   va r i ab le s ,   t he  boundary 
layer   equat ions ( 2 )  are 

0 -  h = h + % u  
- 2  

(A17d) 
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where 

and 
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APPENDIX B. COMPARISON OF EF3ECTIVE  VISCOSITY  KYPOTHESIS 

WITH ALTEFUATE FORMS 

It is i n t e r e s t i n g   t o  compare the   func t iona l   re la t ionship   for  ve 

used i n  other  hypotheses  with (8)  . This  comparison i s  complicated  by 
t h e   f a c t  that apparent ly   there   a re  no e f fec t ive   v i scos i ty   hypotheses   in   the  
l i t e r a t u r e   ( s e e   R o t t a ,  [32l, for   ins tance)   bes ides   the   p resent  one (Mellor, 
[ 5 1) that have used two sca les .  Some simply r e s t r i c t   t h e i r  range  of  appli- 
c a b i l i t y   t o   t h e  w a l l  l ayer   o r   the   defec t   l ayer .  Many others ,  however, s t i p -  
u l a t e  a w a l l  l a y e r   r e l a t i o n  and  then assume t h e   v a l i d i t y  of t he   s ca l e l e s s  
over lap   l ayer   formula t ion   to   the  edge of t he  boundary layer .   Since  these 
a r e  a l l  e s sen t i a l ly   s ing le   l aye r  models they  w i l l  be t r e a t e d  as such  and a 
comparison w i l l  be made on tha t   bas i s .  Furthermore most e f f ec t ive   v i scos i ty  
hypotheses  were or iginal ly   intended  for   use  in   incompressible   f low.  Many of 
them could  be  extended t o   i n c l u d e   t h e   e f f e c t s  of  compressibil i ty  and a few 
have ( L i n  and Chen, [33]). However, i f  they   a re   un tenable ,   the i r  weaknesses 
are   usual ly   evident   even  in   incompressible   f low.  

The f i rs t  c l a s s  of  hypotheses i n  Table I is  based on the  assump- 
t ion 

i n   t h e  wall layer.  Although, for small pressure  gradi 'ents,   the  results of 
these  hypotheses may no t   d i f f e r   g rea t ly  from the  present  hypothesis,   they 

w i l l ,  near   separat ion.  A s  u - - p- 0 these  hypotheses a l l  y i e l d  v + v 
- 

a Pe e 

for t h e   e n t i r e  w a l l  l ayer ,  which is clear ly   an  unacceptable   resul t .  For the  
same reason,  Clauser 's  [ 2 1 assumption for the   defect   layer ,  

is  also  inval id .   Besides   these  hypotheses   in  which ve is  e x p l i c i t l y  assumed 
t o  be a function  of uT , most of  the  other  hypotheses  in  Table 1 use  uT as 
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I 1 a parameter i n   t h e   c o n d i t i o n   f o r  matching  the  viscous  sublayer  to  the  over- 
l ap   l aye r .  Again, near   separat ion  these  condi t ions would cease t o  be mean- 
ingfu l .  However, on the  assumption that the  matching  conditions  could be 
redefined,  the  effective  viscosity  f 'unctions  themselves w i l l  be considered. 

The next  class  of  hypotheses are those  which  use a von KarmanC411 
s imilar i ty   hypothesis  for the  overlap  layer,   and which  supply some other  
funct ion  for   the  viscous  sublayer .  When the   p ressure   g rad ien t  is  zero,  the 
von Karman similari ty  hypothesis  does  give  the  correct  logarithmic  velocity 

p r o f i l e  in the  overlap  region (where T = T ) . It a l so   y i e lds   t he   co r rec t  

func t iona l  dependence , u - f i  , when T = 0 a t  separat ion.  However , i f  

the  constant of propor t iona l i ty  is  a d j u s t e d   t o  f i t  the  zero  pressure  gradient 
case ,   the   resu l t   fo r   the   separa t ing   f low is a f a c t o r  of  two too   h igh   to   agree  
wi th   S t r a t fo rd ' s  [ 42 ] da ta .   S t r a t fo rd ' s   da t a   appea r   t o   f avor  a va r i a t ion  
in   t he   ove r l ap   l aye r  which  goes as 

- 
W - 

W 

- 1  
u = / 2 + + constant .  

This i s  the   resu l t   p red ic ted   by   the  Prandtl mixing  length form used i n  the  
present  hypothesis.  Furthermore,  both of the  examples  of t h i s   t yye  of hy- 
pothesis  might more leg i t imate ly  be ca l l ed   t h ree   l aye r  models s ince   the  forms 
of the  effect ive  viscosi ty   in   the  laminar   sublayer   are   not   the  same as they  
a r e  i n  the  overlap  layer.   In  the  laminar  sublayer,  Bjorgum [ 37 ] assumes 

and  Deissler [ 38 ] assumes 

whereas  they  both  use 
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i n   t h e   o v e r l a p   l a y e r .  It would seem that, u n t i l   t h e   n e e d   f o r  a three l a y e r  
model i s  evident ,  a two l a y e r  model represents  a more concise  and  simple 
descr ip t ion  of the data. 

Table I gives  two more hypotheses  which do n o t   d i f f e r   g r e a t l y  from 
the present  one. The f i r s t  one (Lo i t s i ansk i i  [39]) a p p l i e s   t o   t h e  w a l l  l aye r .  
U n t i l  more data i s  ava i lab le   in   the   l aminar   sublayer ,  a meaningful  comparison 
w i t h  t h i s  e s s e n t i a l l y  similar empir ical   funct ion i s  not   poss ib le .  The only 
reserva t ion   about   th i s   hypothes is  is that the  parameter  which  defines the 
range  of  the  functions depends on u , as discussed  above. 

7 

The last hypothesis in t h e   t a b l e  (Maise and McDonald, 1401) per-  
t a i n s   o n l y   t o   t h e   d e f e c t   l a y e r .  It a l s o   a p p e a r s   t o  be the m l y  one or ig-  
i n a l l y  proposed for  compressible  f low. It was presented  not as an  equat ion 
but  i n  t h e  form  of a plot   demonstrat ing  the  near  Mach number independence 
of   the  mixing  length  funct ion  for   constant   pressure  boundary  layers .   For  
th i s   reason   the   equat ion   g iven  in  the   t ab l e  i s  only  an  approximation. The 
f u n c t i o n a l   r e l a t i o n s h i p   f o r  v is  e 

o r  

when m i t t e n  i n  the   form  of   an   e f fec t ive   v i scos i ty  rather than a mixing  length. 
The s t rong   s imi l a r i t y  between  these  apparently  dissimilar  hypotheses,  (8a) 
and ( B 7 )  , can  be  established  by  considering  an  approximate  relation  between 
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ASSUMED 
DlMENSIONAL 

ARGUMENTS 

ve('-r 

TABU I: SUMMARY OF ElYPOTHESES FOR ve 
* 

AUTHOR 

Squire 

c34 1 

Reichardt 
E35 1 

Clauser 

[2 1 

Ham 

[36 1 

van Driest  

n o  1 

SPEClFIC  FUNCTIONS 

v = v  e 

V K(U,Y - y1 V )  + V 
+ 

e 

" e = 

* 
v = 6k UK e 

v = ( - 0 . 1  y )  ( U T / V )  la&y 
4 2 

e 

v = K v la&yI + v 
2 -2 

e 

l + v  

RANGE 

* 
Largely from Rotta [321. 



TABU I: (cont inued)  

ASSUMED 

DlMFNSIONAL 

or 

AUTHOR 

B jorgum 

137 1 

Deiss le r  

138 1 

L o i t s i a n s k i i  

C39 1 

Maise and 

McDonald 

L-40 1 

SPECIFIC FUNCTIONS RANGE 

v = n  u y[l  - exp( - n  u y / v ) ]  + v 2 -  2 -  
e 

V e = K2( 1?Ju/ay (a2z/ay2)2 + v 

v = v  e 

V = I K 4 4  y (au /ay)  - K y1 v + v 
2 4+4 2  2 

e 



Y 

FIGURE 38. I l l u s t r a t i o n  of t h e   r e l a t i o n s h i p  between  the  effec- 
t i v e   v i s c o s i t y   s c a l e s  82 and S2(a'ii/ay) f o r  the 
defec t   l ayer ,  



In  l i g h t  of equation (B8)  t he re  i s  probably l i t t l e  b a s i s   f o r  making a 
choice  between  the  two. A well   defined  scale  such as 6’E 

k i s  perhaps a 

s l ight   advantage  over   the use of  the less w e l l  def ined 6 . This i s  why 
(8a) w a s  used i n  the   p resent   ca lcu la t ions .  

The r e l a t i o n s h i p  shown i n  ( B 8 )  brings  out  the  important  point 
t h a t  U6k i s  a measure  of the  average  veloci ty   gradient   in   the  boundary 

l aye r .  A self   -consis tent   effect ive  viscosi ty   hypothesis   for   compressible  
f low  could  a lso be  formulated  using  the  average mass flow  gradient,  

pe U6 = J’, ( peU - p u)dy . Several   hypotheses   of   this   type  actual ly  

have been  proposed for   compressible   turbulent  wakes  (Zakkay  and Fox, [431). 
By analogy  with  the  argument  preceeding (8) such  an  hypothesis  might 
be w r i t t e n  

* 

* 03 ” 

with  
” 

> Y J  
a - u‘ f o r   t h e  w a l l  l ayer  , 
a Y )  

( BlOa ) 

and 
” * 

Pe = Pe(PeU6 ? Y , aE) a Y  for   the   defec t   l ayer ,   (Blob)  

so that 

( B l l a )  
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" 

The co r re l a t ion  u v = .r/p must be  very  nearly  invariant  under a stream- 
1 1  - -  

. .  
wise  Galilean  transformation as is  the  hypothesis  of  equation (8)  . How- 
eve r ,   t ha t  is  not   the  case  for   the example  above o r   f o r  that matter any 
hypothesis  which  uses a funct ion of ( peU - p u )  i n  the   de fec t   l aye r  or 

I p u in  the  w a l l  layer ,   s ince  both the d i f f e r e n t i a l  and the in tegra l   o f   these  
quan t i t i e s  would then  depend  on t h e  magnitude of the   ve loc i ty .  On the   o the r  
hand, t h e   d i f f e r e n t i a l  and i n t e g r a l  of (U - u )  and ii are  independent  of 

reference frame as is  u  v . 

" 

" 

- 
f /  
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APPENDIX C. EQUATIONS FOR TH!I 

RUNGE-KU'IPSIA METHOD 

The Runge-Kutta method is  a procedure for  solving first order 
differential  equations. In  order t o  apply t h i s  method t o  a linear equa- 
t i on  of the f o m  

the  equation must be rewritten a5 a s e t  of first order  equations as follmTs. 
Let 

Then 

From Hildebrand [ 44 1, if  the  values  of f at 7, are  known, the 

values a t  7 + ~ q )  are  given to  fourth  order  accuracy by the re- 

la t  ion, 

(i) 
n 

n+l(= qn 
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A P ~ N D l x  D- ASYMPTOTIC SOLUTION FOR LARGE '1 

The turbulen t   Prandt l  number has been  assumed t o  be e q u a l   t o  1 
in the ana lys i s  which follows. 

For l a rge  q , f 41 , f ' + O  , f "  -10 , g ' + o  , 
6;: 6: g n + O  , T + K -  
6* 

9 T h + K X  and from equation ( 25 ) , 
6 

( 7  - 1) M: f'- (1 + y M 2 ) H g '  
e + l + - -  e 

n I 

1 + ( 7  - 1) MZ 

1 + ( 7  - 1) MZ 

Then the  asymptotic forms of equations (24a)  and (24b) are 
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and 
* 
‘k - K g N N  + Q(7 - 1) g N  - 6 * gx ’ = o  

6 
* 

I n   o r d e r   t o   i n s u r e   t h e   s a t i s f a c t i o n  of the  fourth  and  seventh boundary  con- 
d i t i ons   (28 )  , the  asymptotic  solutions of f ’ and g ’ were  assumed i n  
exponential  form, 

Although s t r i c t l y   s p e a k i n g  R and S are   func t ions  of 7 as wel l  as x , 
the  7 dependence is  small. Furthermore  the  outer  boundary  conditions 
on f ’ and g ’ can  be sa t i s f i ed   w i th  knowledge  of only .(x) and s ( x )  . 

R(x) and S(x)  can then be eliminated  using f ‘(ql,x) and 

g ’(y) , where 71 i s  a po in t   f a r  from the  w a l l .  Then 

Then r( x) and . (X)  may be found  by inser t ing  (D5a) and  (D5b) in to  (D4a) 
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and (D4b) . The coe f f i c i en t s  of (q - 1) are 2 

* * 
s 'k 

6* 
2 x  r 

and 

* * 
s 'k 
2 x  s + Q s = K T  

6 

The so lu t ion  of these  equat ions  can  easi ly  be s h a m  t o  be 

and 
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APPENDIX E.  BOUNDARY LAYER EQUATIONS OF MOTION 

IIi MISYMMETRIC FLOW 

Following  an  argument  similar t o   t h a t   i n   S e c t i o n  I1 , t he  bound- 
a ry   l aye r   equa t ions   fo r  a steady  flow a t  moderate Mach number and  heat 
t r a n s f e r   f o r  which 6/R = O(1) , a r e  

LIAT 

- 
The def ini t ions  of  z and q and  the  effect ive  viscosi ty   hypothesis  are 
unchanged. The so le   d i f fe rence   in   the   e f fec t ive   v i scos i ty  is tha t   i n   f l ow 
wi th   l a te ra l   curva ture   the   defec t   sca le  becomes 

- 

m - 
m; = J (u  - u )  - r 

dY 
0 

A s  for the  two dimensional  equations, new variables   are   introduced,  
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n 

I 

* 
ux6 v = -  
U 

. 
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When r e m i t t e n  in t e r a s  of these variables, the  equations of motion  be- 
come 

+ 

+ 

+ 

+ 6 fx 
x. 

94 

2 
Q(9 - f) + % ( P +  a*) X - 6 * f x }  g" - ( A  - f ') 6 * I  gx = 0 , ( E4b 1 



€ J =  
" 

y - 1  2 2 7-1 2 > 
1 t- ? M e ( l  - f'/.A) (1 t- 2 M e )  (1 - IIg') 

! 

where primes i nd ica t e   d i f f e ren t i a t ion   w i th   r e spec t   t o  q . 
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